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Chapter 9 Sequences, Series, and the Binomial Theorem

9.1 Introduction to Sequences and Series

1. A function whose domain is a
set of consecutive natural
numbers starting with 1.

2. A sequence whose domain is
the set of natural numbers

{1,2,3,...}.

3. An equation that defines the
nth term of a sequence
commonly denoted using
subscripts d, .

LEARNING OBJECTIVES

1. Find any element of a sequence given a formula for its general term.
2. Use sigma notation and expand corresponding series.
3. Distinguish between a sequence and a series.
4. Calculate the nth partial sum of sequence.
Sequences

A sequence’ is a function whose domain is a set of consecutive natural numbers

beginning with 1. For example, the following equation with domain {1, 2, 3, ...
defines an infinite sequence®:

any=5n—-3o0ra,=5n-3

The elements in the range of this function are called terms of the sequence. It is
common to define the nth term, or the general term of a sequence’, using the
subscritped notation a,, which reads “a sub n.” Terms can be found using
substitution as follows:

General term : a,=5n-13

Firstteem(n =1): a=5(1)—-3=2
Secondterm(n =2) ;y=52) -3 =7
Thirdterm (n = 3) : a3=53) -3 =12
Fourthterm (n = 4) :a3=5(4) -3 =17
Fifthterm (n = 5) : a3=5(5) =3 =22

}

1978



Chapter 9 Sequences, Series, and the Binomial Theorem

This produces an ordered list,

2,7,12,17,22, ...

The ellipsis (...) indicates that this sequence continues forever. Unlike a set, order
matters. If the domain of a sequence consists of natural numbers that end, such as
{1,2,3,...,k}, thenit is called a finite sequence’.

4. A sequence whose domain is
{1,2,3,...,k} wherekisa

natural number.

9.1 Introduction to Sequences and Series 1979
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Example 1

Given the general term of a sequence, find the first 5 terms as well as the 100

n(n—1)
5 .

term: a, =

Solution:

To find the first 5 terms, substitute 1, 2, 3, 4, and 5 for n and then simplify.

L_la-n_ 1o _0_,
T2 T 2 T2
__2e-D_20)_2_,
? 2 2 2
L_36-D_30)_6_,
: 2 2 2
Lote-h 4o 12
2 2 2
_36-D _s@w_20_
G=—Fp =7 =5 =1

Use n = 100 to determine the 100" term in the sequence.

100(100 — 1) _ 100(99) _ 9,900

=4
2 2 2 950

aipo =

Answer: First five terms: 0, 1, 3, 6, 10; ajo0 = 4,950

Sometimes the general term of a sequence will alternate in sign and have a variable
other than n.

9.1 Introduction to Sequences and Series 1980
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Example 2
Find the first 5 terms of the sequence: a, = (— i)
Solution:

Here we take care to replace n with the first 5 natural numbers and not x.

a =(_1)1x1+1 — _x2
a2=(_1 2x2+1 — x3
@ =(_1)3x3+1 — _x4
a4=(_1)4x4+1 — XS
as =(_1 5x5+1 — _x6

Answer: —x2, 52 R —x4, x3 R —x5

Try this! Find the first 5 terms of the sequence: a, = (—1)"*12".

Answer: 2, -4, 8, -16, 32.

(click to see video)

One interesting example is the Fibonacci sequence. The first two numbers in the
Fibonacci sequence are 1, and each successive term is the sum of the previous two.
Therefore, the general term is expressed in terms of the previous two as follows:

F,=F,+ F,

9.1 Introduction to Sequences and Series 1981
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Here F| = 1, F, = 1,and n > 2. A formula that describes a sequence in terms of
its previous terms is called a recurrence relation’.

Example 3

Find the first 7 Fibonacci numbers.

Solution:

Given that F; = 1and F> = 1, use the recurrence relation F,, = F,,_» + F,,_;
where 7 is an integer starting with n = 3 to find the next 5 terms:

F=F,+F_  =F+FH=1+1=2
Fi=Fis+F_ =K +FE=1+2=3
Fs=Fsr+F_,=F+F=2+3=5
Fs=Foy+F  =F,+F=3+5=8
Fr=F,+F_ =F+F=5+8=13

Answer: 1,1, 2,3,5,8,13

Figure 9.1

5. A formula that uses previous
terms of a sequence to describe
subsequent terms.

9.1 Introduction to Sequences and Series 1982
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Leonardo Fibonacci (1170-1250) Wikipedia

Fibonacci numbers appear in applications ranging from art to computer science and
biology. The beauty of this sequence can be visualized by constructing a Fibonacci
spiral. Consider a tiling of squares where each side has a length that matches each
Fibonacci number:

Connecting the opposite corners of the squares with an arc produces a special spiral
shape.

This shape is called the Fibonacci spiral and approximates many spiral shapes found
in nature.

6. The sum of the terms of a Series

sequence.
7 The sum of the terms of an A series® is the sum of the terms of a sequence. The sum of the terms of an infinite

infinite sequence denoted S . | sequence results in an infinite series’, denoted S, . The sum of the first n terms in
a sequence is called a partial sum®, denoted S,,. For example, given the sequence of

.Th f the fi i .. . .
8. The sum ofthe first n terms in positive odd integers 1, 3, 5,... we can write:

a sequence denoted S, .

9.1 Introduction to Sequences and Series 1983
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Se=1+3+5+7+9+ -+ Infiniteseries
Ss=1+3+5+7+4+9 =25 5thpartial sum

Example 4
Determine the 3" and 5th partial sums of the sequence: 3,-6, 12,-24, 48,...

Solution:

S3=3+ (-6)+12=9
Ss=3+ (—6) + 12+ (=24) + 48 =33

Answer: S3 = 9; 55 = 33

If the general term is known, then we can express a series using sigma’ (or
summation'’) notation:

S n? =12 4+ 2> + 3% + ... Infinite series

1

o0

I
M8

n

M w

9. A sum denoted using the S,

symbol 2 (upper case Greek n
letter sigma).

: =12 +2%+3° 3rd partial sum

10. Used when referring to sigma

notation. The symbol X (upper case Greek letter sigma) is used to indicate a series. The

11. The variable used in sigma expressions above and below indicate the range of the index of summation'’, in

notation to indicate the lower | this case represented by n. The lower number indicates the starting integer and the
and upper bounds of the

summation.

9.1 Introduction to Sequences and Series 1984
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upper value indicates the ending integer. The nth partial sum S, can be expressed
using sigma notation as follows:

Sn =
k

a =a +a+ - +a,

M=

1

This is read, “the sum of a; as k goes from 1 to n.” Replace n with « to indicate an
infinite sum.

Example 5

5
Evaluate: kzl (=31,

=(=3" + (=3)' + (=37 + (=3 + (-3)*
=1-34+9-27+281
=61

Answer: 61

When working with sigma notation, the index does not always start at 1.

9.1 Introduction to Sequences and Series 1985
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Example 6
5
Evaluate: k§2 (-1 (3k).

Solution:

Here the index is expressed using the variable k, which ranges from 2 to 5.

5
I GH=13- )+ (13- 3+ ('G-H+ (=135

=6—-9+12-15
=—6
Answer: -6
5
Try this! Evaluate: 21 (15 - 9n).
Answer: -60

(click to see video)

Infinity is used as the upper bound of a sum to indicate an infinite series.

9.1 Introduction to Sequences and Series 1986
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Example 7

n

Write in expanded form: X !
n=0 n+ 1

Solution:

In this case we begin with n = 0 and add three dots to indicate that this series
continues forever.

gn _ 0 1 2 3
n=0n+1 0+1 1+1 241 341
0 1 2 3
1T273% %"
_ 2 3
O+§+§+Z+

. 1,2 4034 ..
Answer.0+2+3+4+

When expanding a series, take care to replace only the variable indicated by the
index.

9.1 Introduction to Sequences and Series 1987
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Example 8
Write in expanded form: ‘21 (-1 x2,
=

Solution:

E(_l)i—lx%:(_l)l—lxz(l) + (=112 4 (1120
i=1

=(_1)0x2(1) + (—1)1X2(2) + (_1)2X2(3) 4o

=x2 —x* +x8— ..

2

Answer: x —x4 +)C6 — .-

KEY TAKEAWAYS

A sequence is a function whose domain consists of a set of natural
numbers beginning with 1. In addition, a sequence can be thought of as
an ordered list.

+ Formulas are often used to describe the nth term, or general term, of a
sequence using the subscripted notation @, .

* A series is the sum of the terms in a sequence. The sum of the first n
terms is called the nth partial sum and is denoted S, .

« Use sigma notation to denote summations in a compact manner. The nth

n
partial sum, using sigma notation, can be written S;,, = X a. The
k=1

symbol 2 denotes a summation where the expression below indicates
that the index k starts at 1 and iterates through the natural numbers
ending with the value n above.

9.1 Introduction to Sequences and Series 1988



Chapter 9 Sequences, Series, and the Binomial Theorem

TOPIC EXERCISES

PART A: SEQUENCES

Oth

Find the first 5 terms of the sequence as well as the 30" term.
1. a, = 2n
2. a, =2n+1
n>—1
3. Gy = 5=
_ n
4. a, = -1

5. ay, = (—=1)"(n + 1)*
6. a, = (=1)"1n?

7. a, = 3"

n
. a = (3)
1 n
0. 4, = (= 3)
. (_l)n—l
11. a4, = 3I—1
2=1y"
12. Gn = =3

Find the first 5 terms of the sequence.

15. a, = 2x2+1

16. a, = (2x)"!

xn

n+4

17. a, =

9.1 Introduction to Sequences and Series 1989
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18. ay =
. nx2n
19. ay = —
n+1)x"
20. a4, = %

21. @, = (=1)"x3"

22. @y = (=1)* 1xt1
Find the first 5 terms of the sequence defined by the given recurrence
relation.

23. Gy = Gy_1 + Swherea; = 3

24. A, = Qy_1 — 3wherea; =4

25. a, = 3a,_1 wherea; = —2

26. Q, = —2a,_1 wherea; = —1

27. Gy, = Na,—_1 wherea; = 1

28. a, = (n—1)a,_1wherea; =1

29. a, = 2a,_1 — lwherea; =0

30. a, = 3a,-1 + 1wherea; = —1

31. a4, = ay—» + 2a,—1 wherea; = —landay =0

32. a, = 3a,_1 — a,—owherea; = Oandap = 2

33. @, = Qp—1 — Ap—rwherea; = landay = 3

34. Gy = Gy + ay—1 + 2wherea; = —4anday = —1

Find the indicated term.
35. a, =2 —"Tn;ap;
36. a, = 3n — 8;

n—4

37. G, = —4(5) s ay

38. a4, = 6(%)’1_6;619

9.1 Introduction to Sequences and Series

1990
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39. a, = 1 + %;6110

s0. @, = (n+1)5"as

1. a, = (=1)"2*" 3 q

2. ap =nn—1) (n—2)as

43. An investment of $4,500 is made in an account earning 2% interest
compounded quarterly. The balance in the account after n quarters is given by

a, = 4500 ( 1+ % )n . Find the amount in the account after each

quarter for the first two years. Round to the nearest cent.

44. The value of a new car after n years is given by the formula
n
a, = 18,000 ( % ) . Find and interpret @7 . Round to the nearest whole
dollar.

45. The number of comparisons a computer algorithm makes to sort n names in a
list is given by the formula @, = nlog, n. Determine the number of

comparisons it takes this algorithm to sort 2 X 106 (2 million) names.

46. The number of comparisons a computer algorithm makes to search n names in
a list is given by the formula @, = n> . Determine the number of comparisons
it takes this algorithm to search 2 X 106 (2 million) names.

PART B: SERIES

Find the indicated partial sum.
47. 3,5,9,17,33,...;54
48. -5,7,-29,79,-245,...54
49. 4,1,-4,-11,-20,..; 55
50. 0,2,6,12,20,..;53
51. a, =2 —17n;S5
52. a, = 3n—28;S5

53. a, = —4(5)"7";S;

sa. a, = 6(L)"7°;85

9.1 Introduction to Sequences and Series 1991
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55. a, = 1 + %;54

s6. ay = (n+1)5"7%8;

57. a, = (—=1)"2%"73, S5

58. a, =nn—1) (n—2)%84
Evaluate.

9.1 Introduction to Sequences and Series

Mo

59. 3k
k=1
6
60. Z2k
k=1
6
61. 2 i
i=2
4
62. Z (i+ 1)2
i=0
5
63. Z(—l)”+12”
n=1
10
64. Z (=1)"n?
n=>5
3 (3)
65. —
k=—2 2
0 1\*
66. Z <§>
k=—4
4
67. Z(—z)k“
k=0
3
68 2 (=3)+!
k=—
5
69. 23
n=1
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9.1 Introduction to Sequences and Series
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85.

86.

87.

88.

89.

90.

91.

92.

93.

94,

95.

96.

82. Z (=3)1x3
=1

83. Z (2k — 1) x>
k=1

& kxk—l
84. ; T+ 1

Express the following series using sigma notation.

x4+ 2x% 4+ 3x3 + 4x* 4+ 5x°

sx?+ 23 x4 2x0 4+ 246

24+ 2%x4+23x2 +2%x3 4+ 25x*

3x +32x2 +33x3 4 3%x4 4 3%%3

2+ 4x? + 8x3 + - + 2"x"

x+3x% +9x3 4 ... 3"x"H!

5+ (5+d)+ (5+2d) + -+ (5+nd)

24+ 2r + 272 + ..o 424171

3 3 3 1\
Z+§+ﬁ+“.+3(5)
8 16 32 2"
?+T+?+...+7

A structured settlement yields an amount in dollars each year, represented by

n, according to the formula p,, = 10,000(0.70) "=1 What is the total
amount gained from the settlement after 5 years?

The first row of seating in a small theater consists of 14 seats. Each row
thereafter consists of 2 more seats than the previous row. If there are 7 rows,
how many total seats are in the theater?

PART C: DISCUSSION BOARD

97.

Research and discuss Fibonacci numbers as they are found in nature.

9.1 Introduction to Sequences and Series 1994
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98. Research and discuss the life and contributions of Leonardo Fibonacci.

99. Explain the difference between a sequence and a series. Provide an example of
each.

9.1 Introduction to Sequences and Series 1995
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ANSWERS

1.

11.

13.

15.

17.

19.

21,

23.

25.

27/

29%

31.

33.

35.

37.

39.

41.

43.

2,4,6,8,10;azg = 60

3 4 19 12; a3z = §%2

0757 7 27

-4,9,-16, 25,-36; 39 = 961

1,3,9,27,81;da30 = 3°°

11 11
2T s R T I 14 B0 T
345 6 _ 31

25,3175 B0 = 3

3, 8,13, 18,23
-2,-6,-18, -54, -162
1,2,6,24,120
0,-1,-3,-7,-15
-1,0,-1,-2,-5
1,3,2,-1,-3

-82

Year 1: QI: $4,522.50; QII: $4,545.11; QIII: $4,567.84; QIV: $4,590.68; Year 2: QI:

$4,613.63; QIIL: $4,636.70; QIII: $4,659.88; QIV: $4,683.18

9.1 Introduction to Sequences and Series

1996
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45,

47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

67.

69.

71.

73.

75.

77.

79.

81.

83.

Approximately 4 X 107 comparisons
34
-30

-95

124
125

73
12

205
45
90

22

-22
15
22

1 2 3
0 4"5 + 3"F Z"F ooc

1 1 1
I-2+3-35+~
3 3 3 3
st tostes t
x—x2+x3—x* 4.
—2 +4x — 8x% + 16x3 — -

x2 +3x% +5x + 7x8 + .-

9.1 Introduction to Sequences and Series

1997
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95. $27,731
97. Answer may vary

99. Answer may vary

9.1 Introduction to Sequences and Series

1998
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9.2 Arithmetic Sequences and Series

12. A sequence of numbers where
each successive number is the
sum of the previous number
and some constant d.

13. Used when referring to an
arithmetic sequence.

14. The constant d that is obtained
from subtracting any two
successive terms of an
arithmetic sequence;

a, — a—1 = d.

LEARNING OBJECTIVES

1. Identify the common difference of an arithmetic sequence.
2. Find a formula for the general term of an arithmetic sequence.
3. Calculate the nth partial sum of an arithmetic sequence.

Arithmetic Sequences

An arithmetic sequence'?, or arithmetic progression", is a sequence of numbers
where each successive number is the sum of the previous number and some
constant d.

a, = a,— +d Arithmetic Sequence

And because a, — a,_| = d, the constant d is called the common difference'*. For
example, the sequence of positive odd integers is an arithmetic sequence,

1,3,5,7,9, ...

Here a; = 1 and the difference between any two successive terms is 2. We can
construct the general term a,, = a,—; + 2 where,

1999
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a =1

w=aq+2=1+2=3
= +2=3+2=5
au=a3+2=5+2=7
as=a,+2=7+4+2=9

In general, given the first term a; of an arithmetic sequence and its common
difference d, we can write the following:

m=a +d

= +d= (a1+d)+d=a1+2d
w=a+d= (@ +2d)+d=a +3d
as=as +d = (a1+3d)+d=a1+4d

From this we see that any arithmetic sequence can be written in terms of its first
element, common difference, and index as follows:

a, =a + (n—1)d Arithmetic Sequence

In fact, any general term that is linear in n defines an arithmetic sequence.

9.2 Arithmetic Sequences and Series 2000
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Example 1

Find an equation for the general term of the given arithmetic sequence and use
it to calculate its 100" term: 7,10, 13,16, 19, ...

Solution:

Begin by finding the common difference,

Note that the difference between any two successive terms is 3. The sequence is
indeed an arithmetic progression where @ = 7andd = 3.

a,=a; + (n—1)d

=74+ (n—1)-3
=7+4+3n-3
=3n+4

Therefore, we can write the general term g, = 3n + 4. Take a minute to verify

that this equation describes the given sequence. Use this equation to find the

100th term:

ajpo = 3(100) +4 =304

Answer: a, = 3n + 4;a,990 = 304

9.2 Arithmetic Sequences and Series 2001
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The common difference of an arithmetic sequence may be negative.

9.2 Arithmetic Sequences and Series 2002
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Example 2

Find an equation for the general term of the given arithmetic sequence and use
it to calculate its 75" term: 6,4,2,0,-2, ...

Solution:

Begin by finding the common difference,

Next find the formula for the general term, here a; = 6 andd = 2.

a,=a1 + (n—1)d
=6+ (n—1)- (-2)
=6—-2n+2
=8-2n

Therefore, a, = 8 — 2n and the 75 term can be calculated as follows:

a7s =8 — 2 (75)
=8 — 150
=—142
Answer: a, = 8 — 2n; ajpo = —142

9.2 Arithmetic Sequences and Series 2003
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The terms between given terms of an arithmetic sequence are called arithmetic
means .

15. The terms between given terms
of an arithmetic sequence.

9.2 Arithmetic Sequences and Series 2004
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Example 3

Find all terms in between a; = —8 and a; = 10 of an arithmetic sequence. In
other words, find all arithmetic means between the 1% and 7t terms.

Solution:

Begin by finding the common difference d. In this case, we are given the first
and seventh term:

a,=a1 + n—1)d Usen =17.
ar=a;+ (7T-1)d

a;=ay + 6d

Substitute @ = —8 and a; = 10 into the above equation and then solve for
the common difference d.

10=-8 + 6d
18=6d
3=d
Next, use the first term a¢; = —8 and the common difference d = 3 to find an

equation for the nth term of the sequence.

9.2 Arithmetic Sequences and Series 2005
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a,=—8+ (n—1)-3
=—8+4+3n-3
=—11+4+3n

With @, = 3n — 11, where n is a positive integer, find the missing terms.

a=31)-11=3-11=-8
@m=32)-11=6-11=-5)
a=33)-11=9-11=-2
ag=3H-11=12-11=1 % arithmetic means
as=3(5)-11=15-11=4
a6 =3(6)—11=18-11=7

=37 -11=21-11=10

Answer: -5,-2,1,4,7

In some cases, the first term of an arithmetic sequence may not be given.

9.2 Arithmetic Sequences and Series 2006
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Example 4
Find the general term of an arithmetic sequence where a3 = —1 and a;y = 48.
Solution:

To determine a formula for the general term we need a; and d. A linear system
with these as variables can be formed using the given information and
a, =a;+ (n—1)d

a3=a1+(3—1)d: —1=a +2d Usea; = —1.
ap=a + (10-1)d 48 = a1 +9d Useay = 48.

Eliminate a; by multiplying the first equation by -1 and add the result to the
second equation.

-1
R 1 = -—a -2d
48 = a; +9d + 48 = a + 9
49 = Td
7 = d

Substitute d = 7into —1 = a; + 2dto find a; .

9.2 Arithmetic Sequences and Series 2007
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—l=a +2(7)
—l=aq + 14
—15= a
Next, use the first term @ = —15 and the common difference d = 7 to find a

formula for the general term.

a,=a1 + mn—1)d

=—15+ n—-1)-7
=—15+7n-17
=-22+"7n

Answer: a, = Tn — 22

Try this! Find an equation for the general term of the given arithmetic
5 7
) E ) 3, E 9 oo

sequence and use it to calculate its 100" term: % ,2

Answer: a, = %n + Lajg =51

(click to see video)

Arithmetic Series

An arithmetic series' is the sum of the terms of an arithmetic sequence. For
example, the sum of the first 5 terms of the sequence defined by @, = 2n — 1
follows:

16. The sum of the terms of an
arithmetic sequence.

9.2 Arithmetic Sequences and Series 2008
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5
Ss5= 21 2n-1)

=2 -1+ 2@ -1+ 20)-1]+ 2@® -1]+ [2(5) - 1]
=1+3+5+7+9
=25

Adding 5 positive odd integers, as we have done above, is managable. However,
consider adding the first 100 positive odd integers. This would be very tedious.
Therefore, we next develop a formula that can be used to calculate the sum of the
first n terms, denoted S,,, of any arithmetic sequence. In general,

Se=a+ (a1 +d)+ (@ +2d) + ... + &

Writing this series in reverse we have,

S, =a, + (an—d)+ (an—2d)+...+a1

And adding these two equations together, the terms involving d add to zero and we
obtain n factors of a; + ay,:

28, = +a,)+ (g +a,)+ ...+ (a, + a1)
28, =n(a1 + a,)

Dividing both sides by 2 leads us the formula for the nth partial sum of an
arithmetic sequence'”:

17. The sum of the first n terms of
an arithmetic sequence given

by the formula:
(ar+ay)
Sn _n alz a
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Use this formula to calculate the sum of the first 100 terms of the sequence defined
bya, = 2n — l.Herea; = 1 and ajo0 = 199.

100 (a; + ajp0)
2
_100(1 +199)
B 2
=10,000

S100 =
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Example 5

Find the sum of the first 50 terms of the given sequence: 4, 9, 14, 19, 24, ...
Solution:

Determine whether or not there is a common difference between the given
terms.

d=9-4=5

Note that the difference between any two successive terms is 5. The sequence is
indeed an arithmetic progression and we can write

a,=a; + (n—1)d

=44+ (n—-1)-5
=4+4+5n-35
=5n—1

Therefore, the general term is @, = 5n — 1. To calculate the 50th partial sum
of this sequence we need the 1% and the 50" terms:

a =4
aso =5 (50) — 1 = 249
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Next use the formula to determine the 50t partial sum of the given arithmetic
sequence.

_ a1 + ay)
=———
50.(a; + asp)
2
_ 504 + 249)
==
=25(253)
=6,325

Sn

Sso =

Answer: S50 = 6,325
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Example 6
35
Evaluate: 21 (10 — 4n).

Solution:

In this case, we are asked to find the sum of the first 35 terms of an arithmetic
sequence with general term a, = 10 — 4n. Use this to determine the 1% and
the 351 term.

a=10-4(1)=6
a5 =10 — 4 (35) = =130

Next use the formula to determine the 350 partial sum.

n (al + an)
S
35 - (a1 + 6135)
S35 = >
356+ (—130)]
- 2
_35(-124)
2
=-2,170

Answer: -2,170
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Example 7

The first row of seating in an outdoor amphitheater contains 26 seats, the
second row contains 28 seats, the third row contains 30 seats, and so on. If
there are 18 rows, what is the total seating capacity of the theater?

Figure 9.2

Roman Theater (Wikipedia)

Solution:

Begin by finding a formula that gives the number of seats in any row. Here the
number of seats in each row forms a sequence:

26, 28, 30, ...

Note that the difference between any two successive terms is 2. The sequence is
an arithmetic progression where a; = 26 andd = 2.
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a,=a; + (n—1)d

=26+ (n—-1)-2
=26+2n-2
=2n + 24

Therefore, the number of seats in each row is given by @, = 2n + 24.To
calculate the total seating capacity of the 18 rows we need to calculate the 18
partial sum. To do this we need the 1%t and the 18 terms:

th

a =26
a3 =2(18) + 24 = 60

Use this to calculate the 18" partial sum as follows:

n(a + a,)
nETy
18- (a1 +a
Sig= (; 18)
18 (26 + 60)
= 2
9 (86)
=774

Answer: There are 774 seats total.
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Try this! Find the sum of the first 60 terms of the given sequence: 5, 0, -5, -10,
-15, ...

Answer: Sgg = —8,550

(click to see video)

KEY TAKEAWAYS

¢ An arithmetic sequence is a sequence where the difference d between
successive terms is constant.

« The general term of an arithmetic sequence can be written in terms of
its first term a; , common difference d, and index n as follows:
a, =a1 + (n—1)d.

+ An arithmetic series is the sum of the terms of an arithmetic sequence.

« The nth partial sum of an arithmetic sequence can be calculated using
n(ai +ay)
— -

the first and last terms as follows: .S,, =
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TOPIC EXERCISES
PART A: ARITHMETIC SEQUENCES

Write the first 5 terms of the arithmetic sequence given its first term
and common difference. Find a formula for its general term.

1oa =5d=73
2. a =12;d =2
3. g1 = 15;d = -5
4. Cl1=7;d=—4
5. Cll=%;d=1
6. a1=%;d=%
7. a1=1;d=—%
8. a1=—%; =%

9. g = 1.8;d = 0.6
10. a1 = —4.3;d =2.1

Given the arithmetic sequence, find a formula for the general term and
use it to determine the 100" term.

11. 3,9,15, 21, 27,...

12. 3,8, 13,18, 23,...

13, =3, =7, =1L, =15, =19,
14. -6, -14,-22,-30, -38,...

15. -5, -10, -15, -20, -25,...
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1
19. 3 0, =

20.

21. 0.8,2,3.2,4.4,5.6,...

22. 4.4,7.5,10.6,13.7,16.8,...

23. Find the 50th positive odd integer.
24. Find the 50th positive even integer.

25. Find the 401 term in the sequence that consists of every other positive odd

integer: 1, 5, 9, 13,...
26. Find the 40th term in the sequence that consists of every other positive even
integer: 2, 6, 10, 14,...

27. What number is the term 355 in the arithmetic sequence -15, -5, 5, 15, 25,...7
28. What number is the term -172 in the arithmetic sequence 4, -4, -12, -20, -28,...7

29. Given the arithmetic sequence defined by the recurrence relation
a, = ay_1 + Swherea; = 2andn > 1, find an equation that gives the
general term in terms of @1 and the common difference d.

30. Given the arithmetic sequence defined by the recurrence relation
a, = ay—1 — Ywherea; = 4andn > 1, find an equation that gives the
general term in terms of @) and the common difference d.

Given the terms of an arithmetic sequence, find a formula for the
general term.

31. a1 = 6anda; = 42

32. ap = — %andalz = -6
33. ap = —19and apg = 56
34. a1 = —9anda31 = 141
35. a1 = %andalo = 3?7
36. A = %andall = %
37. a3 = 6and apg = —40

38. a3 = 16andaj5 = 76
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39. a4 = —8andapz = 30
40. a5 = —7Tandaz; = —135
41. ap = — %andam == %
42, a3 = %andalz = — %

43. a5 = 13.2 andapg = 61.5

44, a4 = —1.2anda;z = 12.3

Find all arithmetic means between the given terms.
45. a1 = —3andag = 17
46. ay = Sandas = =7

47. ap = 4andag =7

48. a5 = %andag = —%
49. a5 = 15anda; = 21

50. dg = 4anda11 =-1

PART B: ARITHMETIC SERIES

Calculate the indicated sum given the formula for the general term.
51. a, = 3n+5;S100
52. ay =51’l—11;S100

1
53. Uy = 5 —nS7

3
54. an=1—5n;5120
55. a, = %n—%;Szo
_ 3
56. 4y = n — 3;5150

57. a, = 45 — 5n;S¢;5

58. a, = 2n — 48;595
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59. a, = 4.4 — 1.6n;S575
60. a, = 6.5n —3.3;S¢7

Evaluate.

63. Z (4n - 3)

64. Z 2n+ 12)
n=1

65. Z (19 — 8n)

51
3 1
68. Z <§n+ Z)

n=1
120

6. » (1.57—2.6)

n=1
175

0. ) (=0.2n—1.6)

n=1

71. Find the sum of the first 200 positive integers.

72. Find the sum of the first 400 positive integers.

9.2 Arithmetic Sequences and Series

2020



Chapter 9 Sequences, Series, and the Binomial Theorem

The general term for the sequence of positive odd integers is given by
a, = 2n — 1 and the general term for the sequence of positive even
integers is given by @, = 27. Find the following.

73. The sum of the first 50 positive odd integers.
74. The sum of the first 200 positive odd integers.
75. The sum of the first 50 positive even integers.
76. The sum of the first 200 positive even integers.
77. The sum of the first k positive odd integers.
78. The sum of the first k positive even integers.

79. The first row of seating in a small theater consists of 8 seats. Each row
thereafter consists of 3 more seats than the previous row. If there are 12 rows,
how many total seats are in the theater?

80. The first row of seating in an outdoor amphitheater contains 42 seats, the
second row contains 44 seats, the third row contains 46 seats, and so on. If
there are 22 rows, what is the total seating capacity of the theater?

81. If a triangular stack of bricks has 37 bricks on the bottom row, 34 bricks on the
second row and so on with one brick on top. How many bricks are in the stack?

82. Each successive row of a triangular stack of bricks has one less brick until
there is only one brick on top. How many rows does the stack have if there are
210 total bricks?

83. A 10-year salary contract offers $65,000 for the first year with a $3,200 increase
each additional year. Determine the total salary obligation over the 10 year
period.

84. A clock tower strikes its bell the number of times indicated by the hour. At one
o’clock it strikes once, at two o’clock it strikes twice and so on. How many
times does the clock tower strike its bell in a day?

PART C: DISCUSSION BOARD

85. Is the Fibonacci sequence an arithmetic sequence? Explain.

86. Use the formula for the nth partial sum of an arithmetic sequence
+a,
S, = A and the formula for the general terma, = a; + (n — 1)d

to derive a new formula for the nth partial sum
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Sy = % [2611 + (n—-1) d] .Under what circumstances would this

formula be useful? Explain using an example of your own making.

87. Discuss methods for calculating sums where the index does not start at 1. For

35
example, 215 Bn+4) = 1,659.

88. A famous story involves Carl Friedrich Gauss misbehaving at school. As
punishment, his teacher assigned him the task of adding the first 100 integers.
The legend is that young Gauss answered correctly within seconds. What is the
answer and how do you think he was able to find the sum so quickly?
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ANSWERS

1. 5,8,11,14,17;a, = 3n + 2

3. 15,10,5,0,-5;a, = 20 — 5n

13579 _ 1
> 5o =T 3

L, 1 _3_1
7- 1, 2,0, 2,_1,an— 2 2"

9. 1.8,2.4,3,3.6,4.2;a, = 0.6n + 1.2
11. a, = 6n — 3; aipo = 597

13. a, = 1 —4n;a1;00 = —399

15. a, = —5n;a;00 = —500

17. a, = 2n — %;Clloo = %

19. Gy = 2 — 3 na = — >

21. a, = 1.2n — 0.4;a;00 = 119.6
23. 99

25. 157

27. 38

29. a, =5n-13

31. a, = 6n

33. a, =3n-—22
37. a, = 12— 2n
39. a, =2n— 16

43. a, =23n+ 1.7

45. 1,5,9,13
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47.

49.
51.
53.
55.
57.
59.
61.
63.
65.
67.
69.
7L,
73.

75.

77.
79.
81.
83.
85.

87.

9.2 Arithmetic Sequences and Series

-7,800
-4,230

38,640

124,750
-18,550

-765

10,578

20,100

2,500

2,550

k 2

294 seats

247 bricks
$794,000
Answer may vary

Answer may vary
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9.3 Geometric Sequences and Series

LEARNING OBJECTIVES

Identify the common ratio of a geometric sequence.

Find a formula for the general term of a geometric sequence.
Calculate the nth partial sum of a geometric sequence.
Calculate the sum of an infinite geometric series when it exists.

B W N =

Geometric Sequences

A geometric sequence'®, or geometric progression'’, is a sequence of numbers
where each successive number is the product of the previous number and some
constantr.

a, = ra,—1 Geometic Sequence

aﬂ
Ap—1
example, the following is a geometric sequence,

And because = r the constant factor r is called the common ratio”. For

9,27,81,243,729...

Here a; = 9 and the ratio between any two successive terms is 3. We can construct
18. A sequence of numbers where

each successive number is the the general term @, = 3a,_; where,
product of the previous
number and some constant r.

19. Used when referring to a
geometric sequence.

20. The constant r that is obtained
from dividing any two
successive terms of a geometric

an
sequence; —— = T
an—1
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a; =9

a=3a; =309) =27

a3 =3a; = 3(27) = 81
as=3a3; = 3(81) =243
as=3ay, = 3(243) =729

In general, given the first term q; and the common ratio r of a geometric sequence
we can write the following:

) =ray
a=ra =r(a1r)=a172
as=ra =r(a112) =a1r3

as=raz = l"(a]}’s) = a1r4

From this we see that any geometric sequence can be written in terms of its first
element, its common ratio, and the index as follows:

a, = q U Geometric Sequence

In fact, any general term that is exponential in n is a geometric sequence.
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Example 1

Find an equation for the general term of the given geometric sequence and use
it to calculate its 10" term: 3,6,12,24,48...

Solution:

Begin by finding the common ratio,

Note that the ratio between any two successive terms is 2. The sequence is
indeed a geometric progression where a; = 3and r = 2.

a,=ay """
=32)""!

Therefore, we can write the general term @, = 3(2Y"! and the 10t term can
be calculated as follows:

ao=3(2)"""!
=3(2)
=1,536

Answer: a, = 32" ' a0 = 1,536
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The terms between given terms of a geometric sequence are called geometric
means’’.

21. The terms between given terms
of a geometric sequence.

9.3 Geometric Sequences and Series 2028



Chapter 9 Sequences, Series, and the Binomial Theorem

Example 2

Find all terms between a; = —5 and a4 = —135 of a geometric sequence. In
other words, find all geometric means between the 15t and 41 terms.

Solution:

Begin by finding the common ratio r. In this case, we are given the first and
fourth terms:

a,=a; 7! Usen=4.

a=art
ay 2611}’3

Substitute a; = —5 and a4 = —135 into the above equation and then solve for

r.
—135=-5
27=r
3=r
Next use the first term ¢y = —5 and the common ratio » = 3to find an

equation for the nth term of the sequence.

ay=a, !
a,=—5@3)""
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9.3 Geometric Sequences and Series

Now we can use d, = —5(3)"~! where n is a positive integer to determine the
missing terms.

aq =-53)""1=-5.30=-5

@ =-537"=-5-3' =15 .
-1 2 ge()mellc means
a3 =-53)"" =-5.3"=-45

a =-53¢""=-5.3"=-135

Answer: -15, -45,

The first term of a geometric sequence may not be given.
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Example 3
Find the general term of a geometric sequence where @y = —2 and a5 = % .

Solution:

To determine a formula for the general term we need a; and r. A nonlinear
system with these as variables can be formed using the given information and

a, = a1l
P 2 =aqir Useay =-2.
,5—1=> 2 4 U 2
as =a — =qr seas = — .
s =4 125 > T 125
Solve for a; in the first equation,
-2
-2 =aqr > —=q
r
2 4
— =ar
125 !
Substitute a; = _—rzinto the second equation and solve for r.
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2 4
125 47
5" <—> ’

2
— =227
125

1 —

125
1
— — =7
5
Back substitute to find a; :
-2
a=—
=2
- 1
(-3)
=10

Therefore,a; = 10andr = — % .

Answer: a, = 10(— %)n_]

Try this! Find an equation for the general term of the given geometric

sequence and use it to calculate its 6 term: 2, % , % Y.
g =o(2Y L, = 64
Answer: aj, —2(3) a6 = 553

(click to see video)
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Geometric Series

A geometric series* is the sum of the terms of a geometric sequence. For example,

the sum of the first 5 terms of the geometric sequence defined by a, = 3"

follows:

5
SS =3 3n+l

n=1

=31+1 + 32+1 + 33+1 + 34+1 + 35+1
=32 4+33 +3% 435 4+3°

=9+ 27+ 81 +243 + 729
=1,089

Adding 5 positive integers is managable. However, the task of adding a large
number of terms is not. Therefore, we next develop a formula that can be used to
calculate the sum of the first n terms of any geometric sequence. In general,

S, =ai +ar+a”+...+ar!

Multiplying both sides by r we can write,

S, = ar+a P +ar +...+aqr"

Subtracting these two equations we then obtain,

S, —rS,=a1 — a1
22. The sum of the terms of a S, (1 -—r=a (1 _ ,n)

geometric sequence.
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23. The sum of the first n terms of
a geometric sequence, given by

the formula: S,, = alr)

r# 1.

1—r

Assuming r # 1dividing both sides by (1 — r)leads us to the formula for the nth
partial sum of a geometric sequence”:

a (1 -1

So= 2" 1)
1—r

In other words, the nth partial sum of any geometric sequence can be calculated

using the first term and the common ratio. For example, to calculate the sum of the

— 3n+1

first 15 terms of the geometric sequence defined by a, , use the formula

witha; = 9and r = 3.

15
9. (1-39)
=
9 (—14,348,906)
B -2
=64,570,077
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Example 4
Find the sum of the first 10 terms of the given sequence: 4, -8, 16, -32, 64,...

Solution:

Determine whether or not there is a common ratio between the given terms.

Note that the ratio between any two successive terms is -2; hence, the given
sequence is a geometric sequence. Use r = —2and the fact that a; = 4 to
calculate the sum of the first 10 terms,

_ a (1 - I’n)
T 1-r

411 = (=2)7]
T 1< (-2
41— 1,024)
142
_ 4(-1,023)
=
=—1,364

Sn

S1o

Answer: S1g = —1,364

9.3 Geometric Sequences and Series
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9.3 Geometric Sequences and Series

Example 5

Evaluate: g 2(—5)”.

n=1
Solution:

In this case, we are asked to find the sum of the first 6 terms of a geometric
sequence with general term @, = 2(—5)”. Use this to determine the 1% term
and the common ratio r:

To show that there is a common ratio we can use successive terms in general as
follows:

Usea; = —10and r = —5to calculate the 6™ partial sum.
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Answer: 26,040

Try this! Find the sum of the first 9 terms of the given sequence: -2, 1, -1/2,...

1

Answer: S9 = — —

1

(click to see video)

Ca(1=r)
-7
10 [1 - (—5)6]
- (-5)
—10 (1 — 15,625)
1+5
—10 (-15,624)

6
=26,040

Sn

Se=

71
28

If the common ratio r of an infinite geometric sequence is a fraction where Irl < 1

(thatis —1 < r < 1), then the factor (1 — 7*) found in the formula for the nth

partial sum tends toward 1 as n increases. For example, if r = %and n=246we

have,

9.3 Geometric Sequences and Series

1 2
— ) =1-001=0.
10) 0.01 = 0.99
1 4
1- (=) =1-0.0001 = 0.
<10> 0.0001 = 0.9999
1
10

6
> =1 —0.000001 = 0.999999
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Here we can see that this factor gets closer and closer to 1 for increasingly larger
values of n. This illustrates the idea of a limit, an important concept used
extensively in higher-level mathematics, which is expressed using the following
notation:

lim (1 —r”) = 1 where Irl < 1

n—oo

This is read, “the limit of (1 — ") as n approaches infinity equals 1.” While this
gives a preview of what is to come in your continuing study of mathematics, at this
point we are concerned with developing a formula for special infinite geometric
series. Consider the nth partial sum of any geometric sequence,

If Il < 1then the limit of the partial sums as n approaches infinity exists and we
can write,

a

l_lr(l_ja S°°=1a_1

S, =

1

7

Therefore, a convergent geometric series* is an infinite geometric series where
Irl < 1; its sum can be calculated using the formula:

24. An infinite geometric series S a
where |7l < 1whose sum is
given by the formula:

S, = 2.

© 1-r
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Example 6

. e . UOUINC RTI SO CRTTS BT SR
Find the sum of the infinite geometric series: sttt tat
Solution:

Determine the common ratio,

Since the common ratio r = %is a fraction between -1 and 1, this is a

convergent geometric series. Use the first term a; = %and the common ratio

to calculate its sum.

Answer: S, = %
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Note: In the case of an infinite geometric series where |rl > 1, the series diverges

-1
and we say that there is no sum. For example, if @, = (5 )n then r = Sand we
have

S, = %(5)"_l =145+25+ -

n

1

We can see that this sum grows without bound and has no sum.

-1
) 5 2
Try this! Find the sum of the infinite geometric series: X — 2 < ) .
n=1

Answer: -9/2

(click to see video)

A repeating decimal can be written as an infinite geometric series whose common
ratio is a power of 1/10. Therefore, the formula for a convergent geometric series
can be used to convert a repeating decimal into a fraction.
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Example 7
Write as a fraction: 1.181818...

Solution:

Begin by identifying the repeating digits to the right of the decimal and rewrite

it as a geometric progression.

0.181818...=0.18 + 0.0018 + 0.000018 + ...
_18 18 18
T 100 ' 10,000 ' 1,000,000

In this form we can determine the common ratio,

18
10,000

18
100

_ 18100
= 70,000 ~ 18
R

~ 100

Note that the ratio between any two successive terms is ﬁ. Use this and the

fact that aq; = %to calculate the infinite sum:

9.3 Geometric Sequences and Series
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a
S =
oo} 1 _
18
— 100
1
= {5
18
_ w0
)
100
_ 18 100
~ 100 99
2
11
Therefore, 0.181818... = 2 and we have,

11

2 2
1.181818... =1 + - 1 I

Answer: 1 %
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Example 8

A certain ball bounces back to two-thirds of the height it fell from. If this ball is
initially dropped from 27 feet, approximate the total distance the ball travels.

Solution:

We can calculate the height of each successive bounce:

2

27 - 3= 18 feet Height of the first bounce
2

18 - 3= 12 feet Height of the second bounce
2

12 - 3= 8feet  Height of the third bounce

27 feet

©
.
.
' 18 feet
Loos
. ' 12 feet
[}
: - S, 8°feet
. (]
: : : ‘e
Y Y Y \4 4
—6 6 6 6 ©

The total distance that the ball travels is the sum of the distances the ball is
falling and the distances the ball is rising. The distances the ball falls forms a
geometric series,

27+ 18+ 12 + --- Distance the ball is falling

wherea; = 27 andr = % Because r is a fraction between -1 and 1, this sum

can be calculated as follows:
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Therefore, the ball is falling a total distance of 81 feet. The distances the ball
rises forms a geometric series,

18+ 124+ 8+ - Distance the ball is rising

wherea; = 18andr = % Calculate this sum in a similar manner:

Therefore, the ball is rising a total distance of 54 feet. Approximate the total
distance traveled by adding the total rising and falling distances:
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81 +54 = 135 feet

Answer: 135 feet

KEY TAKEAWAYS

A geometric sequence is a sequence where the ratio r between
successive terms is constant.
+ The general term of a geometric sequence can be written in terms of its

first term @ , common ratio r, and index n as follows: a, = a; 1" =l
A geometric series is the sum of the terms of a geometric sequence.

« The nth partial sum of a geometric sequence can be calculated using the
ar(1-r")
1-r
« The infinite sum of a geometric sequence can be calculated if the
common ratio is a fraction between -1 and 1 (that is [7] < 1) as follows:

S

first term @) and common ratio r as follows: S, =

o0

= % JIflrl > 1, then no sum exists.
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TOPIC EXERCISES
PART A: GEOMETRIC SEQUENCES

Write the first 5 terms of the geometric sequence given its first term

and common ratio. Find a formula for its general term.
1. aq=1Lr=5
2. a1 = 1;}’ =3
3. =2r=3
4. A = 5; r=4
5. ap =2 r =-3

6. a1 =6;I’=—2

Il
SST1 )

7. A = 3;1’

8. A1 = 6; r =
9. aq = 1.2;r =0.6
10. a1 = —0.6;r = -3
Given the geometric sequence, find a formula for the general term and
use it to determine the 5" term in the sequence.
11. 7,28,112,...

1%, =22, =110, =000

1
T
£

) S

<

13. 2,
1

7

1
2
2
5

15. 8,4, 2,..
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19. o 2y Wi oy

(] | \CIRONY [T

20. , =2, 10,...

21. -3.6,-4.32,-5.184,...

22. 0.8,-2.08, 5.408,...

23. Find the general term and use it to determine the 20th term in the sequence:

2
X X
1, 3 g

24. Find the general term and use it to determine the 20th term in the sequence:

2, —6x, 18x2,..

25. The number of cells in a culture of a certain bacteria doubles every 4 hours. If
200 cells are initially present, write a sequence that shows the population of
cells after every nth 4-hour period for one day. Write a formula that gives the
number of cells after any 4-hour period.

26. A certain ball bounces back at one-half of the height it fell from. If this ball is
initially dropped from 12 feet, find a formula that gives the height of the ball
on the nth bounce and use it to find the height of the ball on the 6™ bounce.

27. Given a geometric sequence defined by the recurrence relation a,, = 4a,_
where @y = 2andn > 1, find an equation that gives the general term in
terms of a1 and the common ratio r.

28. Given the geometric sequence defined by the recurrence relation @, = 6a,_1

where a; = % andn > 1, find an equation that gives the general term in

terms of @ and the common ratio r.

Given the terms of a geometric sequence, find a formula for the general
term.

29. a1 = —3andag = —96
30. @ = Sanday = —40

3. ap = —2andag = — —

32. a = %anda4 = = —
33. ap = 18andas = 486
34. ap = 10anda; = 320
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35. a4 = —2andag = 64

32
81

37. as = 153.6 andag = 9,830.4
38. ap = —2.4x 10 anday = —7.68 x 107’

36. a3 = — %andaﬁ =

Find all geometric means between the given terms.

39. a; = 2anday = 250

40. a; = %andaé = = %
41. ap = —20andas = —20,000

42. a3 =49 andag = —16,807

PART B: GEOMETRIC SERIES

Calculate the indicated sum.
3. a, =2".85,
14, ay = (=2)""5; S,

1 n

2 n—1
46. a, = (g) :S6

5(=3)""";Ss
48. a, = —7(—=4)": S5

47. ay

49. a, = 2(— %)H;S5

50. @, = %(2)”“;5 10
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59. a, = (
n—1
60. a, = (%) ;S
n—1
61. a, = 2 —%) )

(
62. a, = 3(— %)n;S

Il
|
\O]
—

63- an

1
2
n
64. an=—%<—%);S
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71.

72k

73.

74.

75.

76.

77.

78.

79.

80.

81.

9.3 Geometric Sequences and Series

68, Z - % (3)"2

3
Il
—_

3
Il
—_

Write as a mixed number.

N 222 e
5.777 ...
2.252525...
ST 21287 oo
1.999...
1.0909009...

Suppose you agreed to work for pennies a day for 30 days. You will earn 1
penny on the first day, 2 pennies the second day, 4 pennies the third day, and
so on. How many total pennies will you have earned at the end of the 30 day
period? What is the dollar amount?

An initial roulette wager of $100 is placed (on red) and lost. To make up the
difference, the player doubles the bet and places a $200 wager and loses. Again,
to make up the difference, the player doubles the wager to $400 and loses. If
the player continues doubling his bet in this manner and loses 7 times in a row,
how much will he have lost in total?

A certain ball bounces back to one-half of the height it fell from. If this ball is
initially dropped from 12 feet, approximate the total distance the ball travels.

A golf ball bounces back off of a cement sidewalk three-quarters of the height
it fell from. If the ball is initially dropped from 8 meters, approximate the total
distance the ball travels.

A structured settlement yields an amount in dollars each year, represented by

n, according to the formula p,, = 6,000(0.80) "=1 What is the total
amount gained from the settlement after 10 years?
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82. Beginning with a square, where each side measures 1 unit, inscribe another
square by connecting the midpoints of each side. Continue inscribing squares
in this manner indefinitely, as pictured:

Find the sum of the area of all squares in the figure. (Hint: Begin by finding the
sequence formed using the areas of each square.)

PART C: SEQUENCES AND SERIES

Categorize the sequence as arithmetic, geometric, or neither. Give the
common difference or ratio, if it exists.

83. —12, 24, —48, ...

84. —7,-=5,-3, ...
85. —3,—11,-19, ...
8e. 4,9, 16, ...
3 4

87 2579?9

4 8 16
88. 309727

1 1 1
39. g7_67_57

1 1 3
90. 3°%°76°

1 1 1
91. 2°%4°% "
o — L _ 1 _3

93. 1.26,0.252,0.0504, ...
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94. 0.02,0.08,0.18, ...

95. 1,-1,1,-1,...

96. 0,0,0,..

97.

98.

99.

100.

101.

102.

9.3 Geometric Sequences and Series

27

27

3(5)"7"; S
5—6n;5»
2n; S 14
2" 810

—2(3)s

—2+ 2 mSs

o0

Categorize the sequence as arithmetic or geometric, and then calculate
the indicated sum.

Calculate the indicated sum.

50
103. 2 (3n-75)
n=1

25
104. Z (4 — 8n)
n=1

12
105. ) (=2)"!
o0n=1 1 "
5( = =
40
107. 25
n=1
108. i0.6”
n=1
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PART D: DISCUSSION BOARD

109. Use the techniques found in this section to explain why 0.999... = 1.

110. Construct a geometric sequence where 7 = 1.Explore the nth partial sum of
such a sequence. What conclusions can we make?
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ANSWERS

11.

13.

15.

17.

19.

21,

23:

25.

27/

29.

31.

33.

35.

37.

39.

9.3 Geometric Sequences and Series

1,5,25,125,625; @, = 5" !
2,6,18,54,162; d), = 2(3)”_1
2,-6,18, -54,162; @, = 2(=3)""!

4 8 16 _ {2\
3’2'3’9'27’6‘”_3(3)

n—1
1.2,0.72, 0.432, 0.2592, 0.15552; 1, = 1.2(0.6)

a, = 74" as = 1,792

1)1 1
n = 2(2) 45 = 173
1\—1 1
@ =8(3) a5 =7
_ 2\l 16
ay = —\— 3 a5 = — 27

a = 1 (=6)"",as = 432

a, = =3.6(1.2)"1, a5 = —7.46496

x \n—1 X1
ay = (5) ;o = o0

400 cells; 800 cells; 1,600 cells; 3,200 cells; 6,400 cells; 12,800 cells;
P, = 4-00(2)"_1 cells

a = 24"
a, = =3(2)"!
_ 1 n—1
a = -2(3)
a, = 6(3)"!

@ =1 (2!

a, = 0.6(4)""!

10, 50
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41. -200;-2,000

43. 16,380

127
45. 53
47. 305

205

9. — 55
51. 3,905
53. 4,092
55. -177,144

31
57 =

1
5y

8
61. =
63. -1
65. 3

67. No sum

69. —

[—
=~

@lt\) Nl [\)
O

71.

73. 2

75. 2
77. 1,073,741,823 pennies; $10,737,418.23
79. 36 feet

81. $26,778.77

83. Geometric; r = -2
85. Arithmetic;d = —8
87. Neither

9.3 Geometric Sequences and Series 2055



Chapter 9 Sequences, Series, and the Binomial Theorem

89.

91.

93.

95.

97.

99.

101.

103.

105.

107.

109.

9.3 Geometric Sequences and Series

Arithmetic;d = — %
Neither

Geometric; r = 0.2
Geometric; r = -1

Geometric; 292,968

Arithmetic; 210

Geometric; — %

3,575
-1,365
200

Answer may vary

2056



Chapter 9 Sequences, Series, and the Binomial Theorem

9.4 Binomial Theorem

LEARNING OBJECTIVES

1. Evaluate expressions involving factorials.
2. Calculate binomial coefficients.
3. Expand powers of binomials using the binomial theorem.

Factorials and the Binomial Coefficient

We begin by defining the factorial®® of a natural number n, denoted n!, as the

product of all natural numbers less than or equal to n.

n=nmn-1)n-2)--3-2-1

For example,

N=7-6-5-4-3-2.-1=15,040 Seven factorial

5!=5-4.3.2-1=120 Five factorial
31=3.2.1=6 Three factorial
I'=1=1 One factorial

We define zero factorial®® to be equal to 1,

25. The product of all natural | .
numbers less than or equal to a 0r=1 Zero factorial
given natural number, denoted
nl.

26. The factorial of is defined
to Ee zsziool;zg?oj f e The factorial of a negative number is not defined.
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9.4 Binomial Theorem

Note: On most modern calculators you will find a factorial function. Some
calculators do not provide a button dedicated to it. However, it usually can be found
in the menu system if one is provided.

The factorial can also be expressed using the following recurrence relation,

n'=nmn-1)

For example, the factorial of 8 can be expressed as the product of 8 and 7!:

8!1=8-7!
=8.7-6-5-4-3-2-1
=40,320

When working with ratios involving factorials, it is often the case that many of the
factors cancel.
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27. An integer that is calculated
using the formula:

n n!
k = Qo=

9.4 Binomial Theorem

Example 1

!
Evaluate: %.

Solution:

12! 12-11-10-9-8-7-6-5-4-3-2-1
6! 6:5-4-3-2-1
12-11-10-9-8-7- &
=12-11-10-9-8-7
=665,280

Answer: 665,280

n
The binomial coefficient”’, denoted ,, C; = ( ) ) is read “n choose k” and is

given by the following formula:

This formula is very important in a branch of mathematics called combinatorics. It
gives the number of ways k elements can be chosen from a set of n elements where

order does not matter. In this section, we are concerned with the ability to calculate
this quantity.
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9.4 Binomial Theorem

Example 2

7
Calculate: < )
3

Solution:

Use the formula for the binomial coefficent,

where n = 7 and k = 3. After substituting, look for factors to cancel.

7\ 7
3] 31(7-=3)!

Answer: 35
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Note: Check the menu system of your calculator for a function that calculates this
quantity. Look for the notation , Cy in the probability subsection.

8
Try this! Calculate: ( . >

Answer: 56

(click to see video)

Consider the following binomial raised to the 3rd power in its expanded form:

(x +y)3 = x> +3x%y + 3xy% 4+ y°

Compare it to the following calculations,

3 3! _ 3 _
o/ 003=-0)!  1-3!
3 3! _3-2v_3
1/ 11@E=-n 1.2t
3 3! 320
2] 213=2! 2111
3 3! 3
3)7313=3)!" 310!
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Notice that there appears to be a connection between these calculations and the
coefficients of the expanded binomial. This observation is generalized in the next
section.

Binomial Theorem

Consider expanding (x + 2)°:

x+2° = x4+2) +2) (x+2) (x+2) (x+2)

One quickly realizes that this is a very tedious calculation involving multiple
applications of the distributive property. The binomial theorem® provides a
method of expanding binomials raised to powers without directly multiplying each

factor:
n n 0 Y n-1,1 Y n2 2 n 1, n-1

x+y) = "yl + + x + ...+ x

( y) 0 Y 1 Y 2 Y n—1 Y
More compactly we can write,

n L n—k _k : :
(x + y) = X x" "y Binomial theorem
k=0 \ k

28. Describes the algebraic
expansion of binomials raised
to powers:

(x+y)n
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Example 3
Expand using the binomial theorem: (x + 2)°.
Solution:

Use the binomial theorem where n = Sandy = 2.

Sometimes it is helpful to identify the pattern that results from applying the
binomial theorem. Notice that powers of the variable x start at 5 and decrease
to zero. The powers of the constant term start at 0 and increase to 5. The
binomial coefficents can be calculated off to the side and are left to the reader
as an exercise.

(x+2)5=<3>x520 <i>x421+ <§>x322+ <§)x223+ (j)x124

= 1x°x1 + 5x* X2 +10x3 x4+ 10x>x8 + 5x!' x16 +1x 1>
=x> + 10x* + 40x> + 80x> + 80x + 32

+

Answer: x° + 10x* + 40x3 + 80x2 + 80x + 32

The binomial may have negative terms, in which case we will obtain an alternating
series.
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Example 4
Expand using the binomial theorem: (u — 2v)*.
Solution:

Use the binomial theorem where n = 4, x = u, and y = —2v and then simplify
each term.

(u — 2v)4=<3> ut(=2v)° + (T) (=20 + <j) W (=2v)* + <:) u' (=2

= Ixu'x1 + 4’20 + 6 (4?) + 4du(-8) -

=u* — 8Py + 24u>V? — 32w + 16v*

Answer: u* — 81 v + 24u*v? — 32uv’ + 16v*

4
Try this! Expand using the binomial theorem: (a2 - 3) .

Answer: @ — 12d° + 544" — 1084 + 81

(click to see video)

Next we study the coefficients of the expansions of (x + y) " starting with n = O:
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0
xX+Yy

1

xX+y) =x+Yy

3

=x> +3xy+3w +y

(x+y) =

(x+)
@+yf_x-+my+y
(x+y)

(x+y)°

x4y) =x* +4x%y + 6x%y? 4+ 4xy° +y*

Write the coefficients in a triangular array and note that each number below is the
sum of the two numbers above it, always leaving a 1 on either end.

(x+) 1

(x+y)] 1 1
(x+y) 12 1
(x+y) 13 31
(x+y) 1 4 6 4 1

This is Pascal’s triangle®; it provides a quick method for calculating the binomial
coefficients. Use this in conjunction with the binomial theorem to streamline the
process of expanding binomials raised to powers. For example, to expand (x — 1)°
we would need two more rows of Pascal’s triangle,

=
+
<
~—
o

The binomial coefficients that we need are in blue. Use these numbers and the
binomial theorem to quickly expand (x — 1)° as follows:

29. fh;iigfjelj;jrjgﬁt{) o numbers 1 — 10 = 1xO(=1)° + 635 (=) + 15x* (=17 + 2063 (=1)’ + 1563 (=1)" + 6x(=1)"

binomial coefficients. =x6 - 6x5 + 15x4 — 20)(3 + 15x2 —6x+1

9.4 Binomial Theorem 2065



Chapter 9 Sequences, Series, and the Binomial Theorem

Example 5
Expand using the binomial theorem and Pascal’s triangle: (2x — 5)4.

Solution:

From Pascal’s triangle we can see that when n = 4 the binomial coefficients are
1, 4, 6, 4, and 1. Use these numbers and the binomial theorem as follows:

(2x = 5) =1020* (=5)" + 420° (=5)" + 620 (=5)" + 420" (=5)" + 120°(-
=16x* - 1+4 -8 (=5) +6-4x> - 25+4-2x(-125) +1- 625
=16x* — 160x’ + 600x> — 1,000x + 625

Answer: 16x* — 160x> + 600x> — 1,000x + 625

KEY TAKEAWAYS

¢ To calculate the factorial of a natural number, multiply that number by

all natural numbers less thanit: 5! =5-4 -3 -2 -1 = 120.
Remember that we have defined 0! = 1.
« The binomial coefficients are the integers calculated using the formula:

n _ n!
] T Re—Rr
+ The binomial theorem provides a method for expanding binomials
raised to powers without directly multiplying each factor:
@ n
(x+y)" = = xRk,
=0 \ k

+ Use Pascal’s triangle to quickly determine the binomial coefficients.
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TOPIC EXERCISES

PART A: FACTORIALS AND THE BINOMIAL COEFFICIENT

Evaluate.

1. 6!
2. 4!
3. 10!

4. 9!

6!
3!

10.

n!

(n-2)!

11.

(n+1)!

12. 0T

13. a. 4! + 3!
b. (4 + 3)!

14. a. 4! — 3!
b. (4 —3)!

Rewrite using factorial notation.
15, IX2X3X4X5X6XT7
16. I X2X3X4X%X5
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9.4 Binomial Theorem

17.

18.

19.

20.

21,

20,

15x 14 %13

I0X9x8x7

13

8 X7

nn—1) (n—2)

I X2X3X:XnX (n+1)

Calculate the indicated binomial coefficient.

()
Y
()
()
(o)
()
(0)
a9
()

VR
S
| S
N~
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33. 10C8
34, 5Cy

35. 12C12
36. 1()C5
37. 2, Cron

38. ,C,_3

PART B: BINOMIAL THEOREM

Expand using the binomial theorem.
39, (4x — 3)3
3
10. (2x—5)

41, (§+y)3
42. <x+%)3
3. (x +3)*
44, (x+5)4

45, (x — 4)*
s6. (x —2)*

47, <x+%)4
48. (%— )4
2. (x+1)°
50. (x — 3)°

51, (x —2)°

52. (x + 1)°
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9.4 Binomial Theorem

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

(x—1)7

(x+ 1)’

(5x-1)"
(Bx —2)*
(4u +v)*
Bu —v)*
(u—5v)°
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72 (x—y)7
7 (x—y)°
74 (x—y)9

PART C: DISCUSSION BOARD

75. Determine the factorials of the integers 5, 10, 15, 20, and 25. Which grows
faster, the common exponential function @, = 10" or the factorial function
a, = n!?Explain.

76. Research and discuss the history of the binomial theorem.
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ANSWERS

1. 720

3. 3,628,800
5. 120

7. 17,160

9. 15,840

11. n~ —n

13. a. 30
b. 5,040

15. 7!

15t
12!

1t
12!

17.

19.

n!
(n=3)!

21,
23. 15
25. 21
27. 1

29. 1

31. n
33. 45

35. 1

I’l2 —n

2
39. 64x3 — 144x2% + 108x — 27

37.

3x2y 3xy?

3
41. %+T+T+y3

43, x* + 12x3 + 54x2 + 108x + 81
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45, x* — 16x3 +96x2 — 256x + 256

8x3
y

24x2

+ A g 3%
y

y3+ﬁ

47. x* + 7
y

9. x° +5x* +10x3 + 10x2 + 5x + 1
51. x% — 12x° + 60x* — 160x3 + 240x2 — 192x + 64
53, x7 — Tx% + 21x° — 35x% +35x3 = 21x%2 + 7x — 1
55. 625x* — 500x3 + 150x2 — 20x + 1

57. 256u®* + 256uv + 96u*v? + 16uv3 + v*

. w — 25u*v + 250u°v? — 1,250u%v3
59.
+3,125uv* — 3,125

61. @ — 5d*b* +10a°b* — 10a2b° + 5ab® — b0

a? + 6a'°b* + 1548h% + 204°h "2
63.
+154*b'% + 642b%° + b*

65. x° + 3\/§x2 + 6x + 2\/5

67. x2 —4x\/ﬁ+6xy_4y\/ﬁ+y2

x4+ Tx8y + 21x%y? + 35x%y3
69.
+35x3y* + 21x2y° + Tay® 4+ y7
x? +9x8y +36x7y? + 84x°y3 4+ 126x°y*
7k 4.5 3.6 2.7 8 9
+126x"y” + 84x7y° +36x“y" +9xy" +y
x® —8x7y +28x°%y% — 56x°y3 + 70x*y?
—56x3y> + 28x2y® — 8xy” + 8

75. Answer may vary

73.
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9.5 Review Exercises and Sample Exam

2074



Chapter 9 Sequences, Series, and the Binomial Theorem

REVIEW EXERCISES

INTRODUCTION TO SEQUENCES AND SERIES

0th term.

Find the first 5 terms of the sequence as well as the 3
1. a, =5n—73
2. a, = —4n+3
3. a, =—10n
4. a, = 3n
5. ay = (—1)"(n — 2)?

(="
2n—1

2n+1
n

8. a, = (="' (n=1)

Find the first 5 terms of the sequence.

nx"

2n+1

9 . an =

. (_l)n—lxn+2
n

11. a, = 2"x?"
12. a, = (=3x)""!

13. a4y = Gy—1 + Swherea; = 0

14. a, = 4a,-1 + 1wherea; = —2
15. 4, = Ay—p — 3a,—1wherea; = Oanday = —3
16. a, = Sa,—» — ay—1wherea; = —landap =0

Find the indicated partial sum.
17. 1,4,7,10,13,..; 55

18. 3,1,-1,-3,-5,.;95
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19. -1,3,-5,7,-9,..; 94
20. a, = (—1)"n% Sy
21, a, = =3(n —2)%: S,

1 n—2
22. a, = (—g) 0S4

Evaluate.

ARITHMETIC SEQUENCES AND SERIES

Write the first 5 terms of the arithmetic sequence given its first term
and common difference. Find a formula for its general term.

2. a = 6;d =5
30. ap =5d=7
3. a; = 5;d =-3
—_ 3 g__1
32, a; = 2,a’— 3
- _3.g__3
33. a4 = 4,d— i
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34, aqp = —-3.6;d=1.2

35. a1 =7:d =0

36. a; = 1;:d =1
Given the terms of an arithmetic sequence, find a formula for the
general term.

37. 10, 20, 30, 40, 50,...

38. -7,-5,-3,-1,1,...

39. -2,-5,-8,-11, -14,...

1 1 2

40. — 3 0, 373 1,...

41, a4 = 1l andag = 26

42. a5 = —S5anda;g = —15

43. ag = 6andapy = 15

44, a3 = —14anda; =1
Calculate the indicated sum given the formula for the general term of
an arithmetic sequence.

45. a, = 4n — 3;S¢o

46. a, = —2n+9; S35

47. dy = %I’l— %;515
48. ay =—n+%;Szo

49. a, = 1.8n —4.2;S45
50. a, = —6.5n + 3; S35

Evaluate.
22

51. Z (7n — 5)

n=1
100

52. Z (1 —4n)
n=1
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53 (20)

n=1
30 1
54, Z <— Z n -+ 1)
n=1

40
55, Z (2.3n — 1.1)
n=1
300

o D5
n=1

57. Find the sum of the first 175 positive odd integers.

58. Find the sum of the first 175 positive even integers.

59. Find all arithmetic means between @ = %and as = — %
60. Find all arithmetic means between a3 = —7 anda; = 13.

61. A 5-year salary contract offers $58,200 for the first year with a $4,200 increase
each additional year. Determine the total salary obligation over the 5-year
period.

62. The first row of seating in a theater consists of 10 seats. Each successive row
consists of four more seats than the previous row. If there are 14 rows, how
many total seats are there in the theater?

GEOMETRIC SEQUENCES AND SERIES

Write the first 5 terms of the geometric sequence given its first term
and common ratio. Find a formula for its general term.

63. a; =5r=2

64. 4 =3;r=—2
—1.p=_3
65. a1 = l;r = 5
_ _ 1
66. dj _—4;r_§
67. a1 = 1.2;r =0.2

68. a; = —5.4;r = —0.1
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Given the terms of a geometric sequence, find a formula for the general
term.

69. 4,40, 400,...

70. -6,-30, -150,...

71. 6

£l

1 g o
3
72. 1, %,

2
R
73. a4 = —4andag = 128

74. @y = —landas = —64
75. ) = — %anda5 = — %

76. a3 = 50andag = —6,250
77. Find all geometric means between @ = —1 and ay = 64.

78. Find all geometric means between a3 = 6and ag = 162.

Calculate the indicated sum given the formula for the general term of a
geometric sequence.

79. a, = 3(4)"; S¢
80. a, = =5(3)" ;S0
8l. a, = %(—2)”;514

82. a, = %(—3)”“;512

83. a, = 8(%)H+Z;S8

84. a, = %(—2)’”2;510

Evaluate.
10
85. 23(—4)”
n=1
° 3
) _ = % n—1
86 ; = (=2)
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91.

92.

93.

94.

95.

96.
97.

98.

99.

100.

9.5 Review Exercises and Sample Exam

n=1

ool 4 n+1
88 215(;)

© 3 n
89 215(—5)

>3 \%
. §5<_5>

After the first year of operation, the value of a company van was reported to be
$40,000. Because of depreciation, after the second year of operation the van
was reported to have a value of $32,000 and then $25,600 after the third year of
operation. Write a formula that gives the value of the van after the nth year of
operation. Use it to determine the value of the van after 10 years of operation.

The number of cells in a culture of bacteria doubles every 6 hours. If 250 cells
are initially present, write a sequence that shows the number of cells present
after every 6-hour period for one day. Write a formula that gives the number
of cells after the nth 6-hour period.

A ball bounces back to one-half of the height that it fell from. If dropped from
32 feet, approximate the total distance the ball travels.

A structured settlement yields an amount in dollars each year n according to

—1
the formula p,, = 12,500 (0.75 ) """ . What is the total value of a 10-year

settlement?

Classify the sequence as arithmetic, geometric, or neither.

4,9, 14,...

6, 18, 54,...

1
-1, > (e
10, 30, 60,...

0,1,8,..

2 4
=, )=
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Evaluate.

BINOMIAL THEOREM

Evaluate.

112. 8!
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113. 11!
114. 21!—%!!
115. %
116. (n:?)!
117. EZ;?;

Calculate the indicated binomial coefficient.

118.

119.

120.

121.

122.

N~ N~

123.

124.

Expand using the binomial theorem.
125. (x+7)°
126. (x — 9)°

127. (2y — 3) !
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128. (y+4) !

129. (x + 2y) :
130, (3x—y)’
131 (u — v)°

132, (u + v)°

133. (5x% + 2y2)4

134. (x3 — 2)/2)4
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ANSWERS

1

3

11.

13.

15.

17.

19.

21,

7283

25:

27

29%

31.

33.

35.

37.

39.

41.

43.

45.

2,7,12,17,22; azg = 147

-10, -20, -30, -40, -50; 39 = —300

-1,0,-1,4,-9;a3g = 784

5 11 _ 61

9
37 273747 5§ 1a30 - 30

I S TL

3°°5 ° 7 ° 9 °11
2x2,4x*, 8x%, 16x8,32x10

0,5, 10, 15, 20

0,-3,9,-30, 99
35

-5

-18

-36
29

6
135

6,11,16,21,26;a, = Sn + 1
5,2,-1,-4,-7;a, = 8 — 3n

_3 _3_9 ,_1I5
47 27 47 7 47

a, =
7,7,7,7,7; Gy = 1

a, = 10n

a, =1—3n

a, =3n-—1

a,,=%n+3
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33
47. >

49. 1,674
51. 1,661
53. 420
55. 1,842

57. 30,625

1

59. 3 0, —

1
3
61. $333,000

63. 5,10, 20, 40, 80; d), = 5(2)”‘1

3 9 27 81 _ 3\—1
3 1’—572’—?»@‘%—( 2)

67. 1.2,0.24,0.048,0.0096,0.00192; &), = 1.2(0.2)”_1

69. a, = 4(10)""!
71. a, = 6(%)’1_1
73. a1 = %(—2)”_1

n—1
5. 4y = —(2)

77. 4,-16
79. 4,095

81. 16,383

255

83. 128

85. 2,516,580

87. -6

89. No sum

o1. v, = 40,000(0.8)" ;v 1o = $5,368.71

93. 96 feet
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95.

97.

99.

101.

103.

105.

107.

109.

111.

113.

115.

117.

119.

121.

123.

125.

127.

129.

133.

Arithmetic;d = 5

Arithmetic; d = %
Neither

30

-1,952

1,640

-187

84

3

39,916,800

54

1
n(n+1)(n—1)

56

11

n(n+1)
2

x3 +21x% + 147x + 343
16y* — 96y3 + 216y% — 216y + 81

x> + 10x%y + 40x3y? + 80x2y3 + 80xy* + 32y°
u — 6w’y + 15u*v? — 20uv3
131.
+15u?v* — 6uv> +v°

625x8 + 1,000x°y? + 600x*y* 4+ 160x2y% + 16y8
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SAMPLE EXAM

Find the first 5 terms of the sequence.

1. a, = 6n—15
2. a, = 5(=4)"2
& G = 2};_—11

4 a, = (=) Ix2n

Find the indicated partial sum.

5. ap = (n—1)n%:S,

5
6. ) (—1)f2t
k=1

Classify the sequence as arithmetic, geometric, or neither.

3
7. -1, > Do
8. 1, -6, 36,...
3 3 3
9. T 3
1 1 2
10. 2 77 g

Given the terms of an arithmetic sequence, find a formula for the
general term.

11. 10,5, 0, -5, -10,...

12. a4 = — %andag =2

Given the terms of a geometric sequence, find a formula for the general

term.
1 1
13 g > -2,-8,-32,
14. a3 = landag = —32

Calculate the indicated sum.
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15. a4, = 5— n;S44

16. a, = (=2)""% 81,

Evaluate.
141
19. Toter
9
20.
7

21. Determine the sum of the first 48 positive odd integers.

22. The first row of seating in a theater consists of 14 seats. Each successive row
consists of two more seats than the previous row. If there are 22 rows, how
many total seats are there in the theater?

23. A ball bounces back to one-third of the height that it fell from. If dropped from
27 feet, approximate the total distance the ball travels.

Expand using the binomial theorem.
4
24. (x -5 y)

25. (3a + b? )5
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ANSWERS

1. -9,-3,3,9,15
RN S

5. 70

7. Arithmetic

9. Geometric

11. a, = 15— 5n
13 ay = — 5 (4"
15. -770

17.

19.

21. 2,304

23. 54 feet
243¢° + 4054 b* + 270> b*

25.
+90a°b® + 15ab® + b'°
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