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Preface

Intermediate Algebra is the second part of a two-part course in Algebra. Written in
a clear and concise manner, it carefully builds on the basics learned in Elementary
Algebra and introduces the more advanced topics required for further study of
applications found in most disciplines. Used as a standalone textbook, it offers
plenty of review as well as something new to engage the student in each chapter.
Written as a blend of the traditional and graphical approaches to the subject, this
textbook introduces functions early and stresses the geometry behind the algebra.
While CAS independent, a standard scientific calculator will be required and further
research using technology is encouraged.

Intermediate Algebra clearly lays out the steps required to build the skills needed to
solve a variety of equations and interpret the results. With robust and diverse
exercise sets, students have the opportunity to solve plenty of practice problems. In
addition to embedded video examples and other online learning resources, the
importance of practice with pencil and paper is stressed. This text respects the
traditional approaches to algebra pedagogy while enhancing it with the technology
available today. In addition, Intermediate Algebra was written from the ground up
in an open and modular format, allowing the instructor to modify it and leverage
their individual expertise as a means to maximize the student experience and
success.

The importance of Algebra cannot be overstated, it is the basis for all mathematical
modeling used in all disciplines. After completing a course sequence based on
Elementary and Intermediate Algebra, students will be on firm footing for success
in higher-level studies at the college level.
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Chapter 1 Algebra Fundamentals

1.1 Review of Real Numbers and Absolute Value

1. Letters used to represent
numbers.

2. Any collection of objects.
3. An object within a set.

4. A set consisting of elements
that belong to a given set.

5. The set of counting numbers:
{1,2,3,4,5,..}.

6. The set of natural numbers
combined with zero: {0, 1, 2, 3,
4,5,..}.

7. A subset with no elements,
denoted @ or {}.

LEARNING OBJECTIVES

1. Review the set of real numbers.
2. Review the real number line and notation.
3. Define the geometric and algebraic definition of absolute value.

Real Numbers

Algebra is often described as the generalization of arithmetic. The systematic use of
variables’, letters used to represent numbers, allows us to communicate and solve
a wide variety of real-world problems. For this reason, we begin by reviewing real
numbers and their operations.

A set” is a collection of objects, typically grouped within braces { }, where each
object is called an element’. When studying mathematics, we focus on special sets
of numbers.

/\/={1,2, 3,4,5, } Natural Numbers
w={0,1,2,3,4,5,...} Whole Numbers
Z={...,-3,-2,-1,0,1,2,3, ... }Integers

The three periods (...) are called an ellipsis and indicate that the numbers continue
without bound. A subset®, denoted C, is a set consisting of elements that belong to
a given set. Notice that the sets of natural® and whole numbers® are both subsets
of the set of integers and we can write:

NCZ and WCZ

A set with no elements is called the empty set’ and has its own special notation:
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{ } =@ EmptySet

Rational numbers®, denoted (J, are defined as any number of the form %Where a

and b are integers and b is nonzero. We can describe this set using set notation’:

Q= {% |a,b eZ, b# O} Rational Numbers

The vertical line | inside the braces reads, “such that” and the symbol € indicates set
membership and reads, “is an element of.” The notation above in its entirety reads,

“the set of all numbers %such that a and b are elements of the set of integers and b is not

equal to zero.” Decimals that terminate or repeat are rational. For example,

5 — 2
0.05 = 100 and 0.6 = 0.6666 ... = 3

The set of integers is a subset of the set of rational numbers, Z C (), because every
integer can be expressed as a ratio of the integer and 1. In other words, any integer
can be written over 1 and can be considered a rational number. For example,

—_] 3

8. Numbers of the form %, where
aand b are integers and b is
nonzero.

9. Notation used to describe aset | Irrational numbers' are defined as any numbers that cannot be written as a ratio
using mathematical symbols. of two integers. Nonterminating decimals that do not repeat are irrational. For

10. Numbers that cannot be example,

written as a ratio of two
integers.

1.1 Review of Real Numbers and Absolute Value 6
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r=3.14159 ... and /2 = 1.41421 ...

Finally, the set of real numbers'’, denoted R, is defined as the set of all rational
numbers combined with the set of all irrational numbers. Therefore, all the
numbers defined so far are subsets of the set of real numbers. In summary,

Real Numbers
. 5 - X N\
Rational 5 063 0012 | Jrrational
Integers...,2,-1,0,1,2,..} Bz 0.10010001...
Whole {0,1,2,3,..}
(Natural {1,2,3, })
. S

The set of even integers'” is the set of all integers that are evenly divisible by 2. We
can obtain the set of even integers by multiplying each integer by 2.

{...—6,-4,-2,0,2,4,6,...} Evenlntegers

The set of odd integers' is the set of all nonzero integers that are not evenly
divisible by 2.

{..., -5,-3,-1, 1, 3, 5, ...}Oddlntegers

11. The set of all rational and
irrational numbers. A prime number'* is an integer greater than 1 that is divisible only by 1 and itself.
12. Integers that are divisible by 2. | The smallest prime number is 2 and the rest are necessarily odd.

13. Nonzero integers that are not
divisible by 2.

14. Integer greater than 1 that is .
divisible only by 1 and itself. {2, 3,5 7, 11, 13, 17, 19, 23,...} Prime Numbers

1.1 Review of Real Numbers and Absolute Value 7
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15. Integers greater than 1 that are
not prime.

16. Any combination of factors,
multiplied together, resulting
in the product.

17. Any of the numbers that form a
product.

18. The unique factorization of a
natural number written as a
product of primes.

1.1 Review of Real Numbers and Absolute Value

Any integer greater than 1 that is not prime is called a composite number'® and
can be uniquely written as a product of primes. When a composite number, such as
42, is written as a product, 42 = 2 - 21, we say that 2 - 21 is a factorization'® of 42
and that 2 and 21 are factors'’. Note that factors divide the number evenly. We can
continue to write composite factors as products until only a product of primes
remains.

42
/\
= 221
/\
=2.3.7

Therefore, the prime factorization'® of 42is2 - 3 - 7.

Example 1

Determine the prime factorization of 210.
Solution:

Begin by writing 210 as a product with 10 as a factor. Then continue factoring
until only a product of primes remains.

210=10-21
=2.5.3.7
=2-3-5.7

Since the prime factorization is unique, it does not matter how we choose to
initially factor the number; the end result will be the same.

Answer:2 -3 .57
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19. A rational number written as a
. . a
quotient of two integers: —,

where b # 0.

20. The number above the fraction
bar.

21. The number below the fraction
bar.

22. Two equal fractions expressed
using different numerators and
denominators.

23. A factor that is shared by more
than one real number.

24. The process of dividing out
common factors in the
numerator and the
denominator.

25. The process of finding
equivalent fractions by
dividing the numerator and the
denominator by common
factors.

1.1 Review of Real Numbers and Absolute Value

A fraction'’ is a rational number written as a quotient, or ratio, of two integers a

and b where b # 0.

Numerator = a
Denominator =3 }

The integer above the fraction bar is called the numerator® and the integer below
is called the denominator®'. Two equal ratios expressed using different numerators
and denominators are called equivalent fractions®”. For example,

50 1

100 2

Consider the following factorizations of 50 and 100:

50=2-25
100=4 - 25

The numbers 50 and 100 share the factor 25. A shared factor is called a common
factor”. Making use of the fact that ;—2 = ], we have

s0 2.8 2
100 4. 5 4

2
1==Z
4

Dividing % and replacing this factor with a 1 is called cancelling®’. Together, these

basic steps for finding equivalent fractions define the process of reducing®. Since
factors divide their product evenly, we achieve the same result by dividing both the
numerator and denominator by 25 as follows:
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26. Numbers that have no common
factor other than 1.

27. Finding equivalent fractions
where the numerator and the
denominator share no common
integer factor other than 1.

28. The largest shared factor of
any number of integers.

50 - 25 _ 2

100 =25 4

Finding equivalent fractions where the numerator and denominator are relatively
prime”®, or have no common factor other than 1, is called reducing to lowest
terms”’. This can be done by dividing the numerator and denominator by the
greatest common factor (GCF).”® The GCF is the largest number that divides a set
of numbers evenly. One way to find the GCF of 50 and 100 is to list all the factors of
each and identify the largest number that appears in both lists. Remember, each
number is also a factor of itself.

{1, 2,5,10, 25, 50} Factors of 50
{1,2,4,5,10,20,25,50, 100} Factorsof 100

Common factors are listed in bold, and we see that the greatest common factor is
50. We use the following notation to indicate the GCF of two numbers: GCF(50, 100) =
50. After determining the GCF, reduce by dividing both the numerator and the
denominator as follows:

50 =50 _ 1
100 =50 2

1.1 Review of Real Numbers and Absolute Value 10
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Example 2

108

Reduce to lowest terms: = -

Solution:

A quick way to find the GCF of the numerator and denominator requires us to
first write each as a product of primes. The GCF will be the product of all the
common prime factors.

108 =2.2-3-3-3

GCF(108,72)=2-2-3 -3 =36
72=2-2-2-3.3

In this case, the product of the common prime factors is 36.

108 10836 3
72 72+36 2

We can convert the improper fraction %to a mixed number 1 %; however, it is
important to note that converting to a mixed number is not part of the
reducing process. We consider improper fractions, such as %, to be reduced to

lowest terms. In algebra it is often preferable to work with improper fractions,
although in some applications, mixed numbers are more appropriate.

Answer: %

Recall the relationship between multiplication and division:

1.1 Review of Real Numbers and Absolute Value

11



Chapter 1 Algebra Fundamentals

29. A number to be divided by
another number.

30. The number that is divided
into the dividend.

31. The result of division.

32. A quotient such as % is left

without meaning and is not
assigned an interpretation.

dividend - 12

. — =2 < quotientbecause 6 -2 = 12
divisor — 6

In this case, the dividend®® 12 is evenly divided by the divisor® 6 to obtain the
quotient’' 2. It is true in general that if we multiply the divisor by the quotient we
obtain the dividend. Now consider the case where the dividend is zero and the
divisor is nonzero:

%=OSince6-0=0

This demonstrates that zero divided by any nonzero real number must be zero. Now
consider a nonzero number divided by zero:

Zero times anything is zero and we conclude that there is no real number such that
0 - ? = 12. Thus, the quotient 12 + 0 is undefined®. Try it on a calculator, what
does it say? For our purposes, we will simply write “undefined.” To summarize,
given any real number a # 0, then

0
0 +ra=—=0 zeroand a+ 0 = % undefined
a

We are left to consider the case where the dividend and divisor are both zero.

1.1 Review of Real Numbers and Absolute Value 12
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33.

34.

35.
36.

37.

A quotient such as % isa

quantity that is uncertain or
ambiguous.

A line that allows us to visually
represent real numbers by
associating them with points
on the line.

The real number associated
with a point on a number line.

A point on the number line
associated with a coordinate.

The point on the number line
that represents zero.

%:?orO-‘?:O

Here, any real number seems to work. For example, 0 - 5 = O and also,0 - 3 = 0.
Therefore, the quotient is uncertain or indeterminate’”.

0+-0= g indeterminate

In this course, we state that O — O is undefined.

The Number Line and Notation

A real number line**, or simply number line, allows us to visually display real
numbers by associating them with unique points on a line. The real number
associated with a point is called a coordinate®. A point on the real number line
that is associated with a coordinate is called its graph®. To construct a number
line, draw a horizontal line with arrows on both ends to indicate that it continues
without bound. Next, choose any point to represent the number zero; this point is
called the origin®’.

Positive real numbers lie to the right of the origin and negative real numbers lie to
the left. The number zero (0) is neither positive nor negative. Typically, each tick
represents one unit.

As illustrated below, the scale need not always be one unit. In the first number line,
each tick mark represents two units. In the second, each tick mark represents %:

-14-12 8 -6 -4 -2 0 2 4 6 8 12 14

<
<

<i—F
YT B
<lw b
w1 b
Slw b
<o F
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The graph of each real number is shown as a dot at the appropriate point on the
number line. A partial graph of the set of integers Z, follows:

6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
Example 3

Graph the following set of real numbers: { — % , 0, %, 2}.
Solution:

Graph the numbers on a number line with a scale where each tick mark
represents %unit.

Answer:

[ 2

a J
=N ]
AR J

=Ly =2 5 =2 =i =L
2 2 2

©

The opposite®® of any real number a is -a. Opposite real numbers are the same
distance from the origin on a number line, but their graphs lie on opposite sides of
the origin and the numbers have opposite signs.

P
@
—a

: @

Given the integer -7, the integer the same distance from the origin and with the
opposite sign is +7, or just 7.

7 units 7 units
b 0 7
38. Real numbers whose graphs . . o )
are on opposite sides of the Therefore, we say that the opposite of -7 is -(-7) = 7. This idea leads to what is often
origin with the same distance referred to as the double-negative property’’. For any real number q,

to the origin.

39. The opposite of a negative
number is positive: -(-a) = a.
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Example 4

Calculate: — (— (—

oo |w

)

Solution:

Here we apply the double-negative within the innermost parentheses first.

Answer: — %

In general, an odd number of sequential negative signs results in a negative value
and an even number of sequential negative signs results in a positive value.

When comparing real numbers on a number line, the larger number will always lie
to the right of the smaller one. It is clear that 15 is greater than 5, but it may not be
so clear to see that -1 is greater than -5 until we graph each number on a number
line.

Smaller Larger
<z e

<L & L L 1 & L 1 1 1 L 1 1y

-6 -5 -4 -3 2 -1 0 1 2 3 4 5 6

We use symbols to help us efficiently communicate relationships between numbers
on the number line.
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40. The set of positive and
negative whole numbers
combined with zero: {..., -3, -2,
-1,0,1,2,3,..}..

41, Express ordering relationships
using the symbol < for “less
than” and > for “greater than.”

42. Use the symbol < to express
quantities that are “less than
or equal to” and > for
quantities that are “greater
than or equal to” each other.

Equality Relationships Order Relationships

= "isequalto" < "islessthan"

# '"isnotequalto" > "is greater than"

~ "isapproximately equal to" < "is less than or equal to"

> "is greater than or equal to"

The relationship between the integers* in the previous illustration can be
expressed two ways as follows:

—5 < =1 "Negativefiveis less than negative one."
or

—1 > =5 "Negative one is greater than negative five."

The symbols < and > are used to denote strict inequalities*’, and the symbols < and
> are used to denote inclusive inequalities*’. In some situations, more than one
symbol can be correctly applied. For example, the following two statements are
both true:

—10<0and -10<50

In addition, the “or equal to” component of an inclusive inequality allows us to
correctly write the following:

-10 < -10
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43. Algebraic expressions related
with the symbols <, <, >, and

—

>.

44. Values that can be used in
place of the variable to satisfy
the given condition.

45. Solutions to an algebraic
expression expressed on a
number line.

The logical use of the word “or” requires that only one of the conditions need be
true: the “less than” or the “equal to.”

Example 5
Fill in the blank with <, =, or>: =2 — 12.
Solution:

Use > because the graph of -2 is to the right of the graph of -12 on a number
line. Therefore, -2 > -12, which reads, “negative two is greater than negative
twelve.”

-14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10

Answer: -2 >-12

An algebraic inequality®’, such as x > 2, is read, “x is greater than or equal to 2.”
Here the letter x is a variable, which can represent any real number. However, the
statement x > 2 imposes a condition on the variable. Solutions** are the values for
x that satisfy the condition. This inequality has infinitely many solutions for x, some
of which are 2, 3, 4.1, 5, 20, and 20.001. Since it is impossible to list all of the
solutions, a system is needed that allows a clear communication of this infinite set.
Common ways of expressing solutions to an inequality are by graphing them on a
number line, using interval notation, or using set notation.

To express the solution graphically, draw a number line and shade in all the values
that are solutions to the inequality. This is called the graph of the solution set®.
Interval and set notation follow:

"x is greater than or equalto2'x > 2

ETrE—
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46. The symbol < indicates the
interval is unbounded to the
right.

47. The symbol - indicates the

interval is unbounded to the
left.

Interval notation : [2, oo)

Set notation :  {x € Rlx > 2}

In this example, there is an inclusive inequality, which means that the lower-bound
2 is included in the solution set. Denote this with a closed dot on the number line
and a square bracket in interval notation. The symbol « is read as “infinity*®” and
indicates that the set is unbounded to the right on a number line. If using a
standard keyboard, use (inf) as a shortened form to denote infinity. Now compare
the notation in the previous example to that of the strict, or noninclusive,
inequality that follows:

"xislessthan3 " x <3

Interval notation (—oo,3)

Set notation :  {x € Rlx < 3}

Strict inequalities imply that solutions may get very close to the boundary point, in
this case 3, but not actually include it. Denote this idea with an open dot on the
number line and a round parenthesis in interval notation. The symbol - is read as
“negative infinity’’” and indicates that the set is unbounded to the left on a
number line. Infinity is a bound to the real numbers, but is not itself a real number:
it cannot be included in the solution set and thus is always enclosed with a
parenthesis.

Interval notation is textual and is determined after graphing the solution set on a
number line. The numbers in interval notation should be written in the same order
as they appear on the number line, with smaller numbers in the set appearing first.
Set notation, sometimes called set-builder notation, allows us to describe the set
using familiar mathematical notation. For example,
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48. Two or more inequalities in
one statement joined by the
word “and” or by the word
“or.”

49. The set formed by joining the
individual solution sets
indicated by the logical use of
the word “or” and denoted
with the symbol U.

{x € Rlx > 2}

Here, x € R describes the type of number. This implies that the variable x
represents a real number. The statement x > 2 is the condition that describes the
set using mathematical notation. At this point in our study of algebra, it is assumed
that all variables represent real numbers. For this reason, you can omit the “€ R”,
and write

{xx > 2}

Example 6

Graph the solution set and give the interval and set notation equivalents:

x < =20.
Solution:

Use an open dot at -20, because of the strict inequality <, and shade all real
numbers to the left.

—[6() ~50 40 —30 20 —10 0 10 20 30 40 50 60

Answer: Interval notation: (—oo, —20); set notation: {x|x < —20}

A compound inequality™ is actually two or more inequalities in one statement
joined by the word “and” or by the word “or”. Compound inequalities with the
logical “or” require that either condition must be satisfied. Therefore, the solution
set of this type of compound inequality consists of all the elements of the solution
sets of each inequality. When we join these individual solution sets it is called the
union®’, denoted U. For example,
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x<3orx>6

<€ —
1P 0o 1 2 3 4 5 6

Interval notation : (—oo,3) ] [6, oo)

Set notation : {x| x<3or x> 6}

An inequality such as,

-1<x<3

reads, “negative one is less than or equal to x and x is less than three.” This is actually a
compound inequality because it can be decomposed as follows:

—1<xand x<3

The logical “and” requires that both conditions must be true. Both inequalities will
be satisfied by all the elements in the intersection®, denoted N, of the solution
sets of each.

50. The set formed by the shared
values of the individual
solution sets that is indicated
by the logical use of the word
“and,” denoted with the
symbol N.
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Example 7
Graph and give the interval notation equivalent: —1 < x < 3.
Solution:

Determine the intersection, or overlap, of the two solution sets to x < 3 and
x > —1. The solutions to each inequality are sketched above the number line
as a means to determine the intersection, which is graphed on the number line
below.

1 1
| S :
x<3
<—6 -5 -4 -3 -2 41 0 1 2 3 4 5 6
x2_1 L L L L 5
—6—5—4—3—2—?1012}456)
1 1
3 G -1 & &
< 2_ <« 1 1 1 L & " O ! 1 L
x ana. x -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Here, 3 is not a solution because it solves only one of the inequalities.
Alternatively, we may interpret —1 < x < 3 as all possible values for x
between, or bounded by, -1 and 3 where -1 is included in the solution set.

Answer: Interval notation: [— 1, 3); set notation: {x] — 1 < x < 3}
In this text, we will often point out the equivalent notation used to express

mathematical quantities electronically using the standard symbols available on a
keyboard.

v
¥
I

X H*"
H/H

RSV
0

Many calculators, computer algebra systems, and programming languages use the
notation presented above, in quotes.

1.1 Review of Real Numbers and Absolute Value
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Absolute Value

The absolute value®! of a real number a, denoted lal, is defined as the distance
between zero (the origin) and the graph of that real number on the number line.
Since it is a distance, it is always positive. For example,

-4l =4 and 14l =4

Both 4 and -4 are four units from the origin, as illustrated below:

4 units 4 units

I
I
1 o 1 1 1

6 -5 4 -3 -2 -l

~@ L
A

o F 4
0o
w

Also, it is worth noting that,

0l =0

The algebraic definition of the absolute value of a real number a follows:

aifa>0
—a if a<0

lal =

This is called a piecewise definition”. The result depends on the quantity a. If a is
nonnegative, as indicated by the inequality a > 0, then the absolute value will be
51. The absolute value of a number . . Ny . .
. that number a. If a is negative, as indicated by the inequality a < 0, then the
represents the distance from
the graph of the number to absolute value will be the opposite of that number, -a. The results will be the same
zero on a number line. as the geometric definition. For example, to determine |—4| we make note that the
52. A definition that changes value is negative and use the second part of the definition. The absolute value will

depending on the value of the be the opposite of -4.
variable.
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—4l=— (~4)
=4

At this point, we can determine what real numbers have certain absolute values.

Example 8
Determine the values represented by x: |x | = 6.
Solution:

Think of a real number whose distance to the origin is 6 units. There are two
solutions: the distance to the right of the origin and the distance to the left of
the origin, namely {+6} . The symbol # is read “plus or minus” and indicates
that there are two answers, one positive and one negative.

|-6| =6 and |6] =6

Answer: x = +6

1.1 Review of Real Numbers and Absolute Value
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Example 9
Determine the values represented by x: | x| = —6.
Solution:

Here we wish to find a value where the distance to the origin is negative. Since
negative distance is not defined, this equation has no solution. Use the empty
set @ to denote this.

Answer: @

The absolute value can be expressed textually using the notation abs(a). We often
encounter negative absolute values, such as — |3 or -abs(3). Notice that the
negative sign is in front of the absolute value symbol. In this case, work the absolute
value first and then find the opposite of the result.

— 13l — -3l
l and l

I

I
w
I

I
w

Try not to confuse this with the double negative property, which states that
- (=3) = +3.
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Example 10
Simplify: — (— |—50|) .
Solution:

First, find the absolute value of -50 and then apply the double-negative
property.

- (-4-50) == (~50)
=50

Answer: 50

KEY TAKEAWAYS

« Algebra is often described as the generalization of arithmetic. The

systematic use of variables, used to represent real numbers, allows us to
communicate and solve a wide variety of real-world problems.
Therefore, it is important to review the subsets of real numbers and
their properties.

The number line allows us to visually display real numbers by
associating them with unique points on a line.

Special notation is used to communicate equality and order
relationships between numbers on a number line.

The absolute value of a real number is defined geometrically as the
distance between zero and the graph of that number on a number line.
Alternatively, the absolute value of a real number is defined
algebraically in a piecewise manner. If a real number a is nonnegative,
then the absolute value will be that number a. If a is negative, then the
absolute value will be the opposite of that number, -a.
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Use set notation to list the described elements.
1. Every other positive odd number up to 21.
2. Every other positive even number up to 22.
3. The even prime numbers.
4, Rational numbers that are also irrational.
5. The set of negative integers.
6. The set of negative even integers.
7. Three consecutive odd integers starting with 13.

8. Three consecutive even integers starting with 22.

Determine the prime factorization of the given composite number.

9. 195
10. 78
11. 330
12. 273
13. 180
14. 350

Reduce to lowest terms.

15. %

16. %
17. %
15, 302
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19.

20.

21,

22.

23.

24.

60
45

144
120

o4
128

72
216

0

25
33

0

PART B: NUMBER LINE AND NOTATION

25

26

27/

28.

29.

30

31.

32.

33

34.

35.

36.

Graph the following sets of numbers.

. {-5,5, 10, 15}

. {-4,-2,0,2, 4}

. {-40,-30, -20, 10, 30}

Simplify.
-(-10)

Fill in the blank with <, =, or >.

1.1 Review of Real Numbers and Absolute Value
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37. <10 _____ -15
38. -101 _____ -100
39. =33 _____ 0

40. 0 -50

a1, ~(-(-2)) _____ -(-3)

2 — (- (-4))_ -+

8 = (= (-} (1)
. —(=3)—=(=(=(=3)))

True or False.
45. 0=0
46. 55
47. 1.032 is irrational.
48. 0 is a nonnegative number.
49. Any integer is a rational number.

50. The constant 7 is rational.

Graph the solution set and give the interval notation equivalent.

51 x < —1

52. x > —3

5. x > —8

54. x < 6

55, —10 <x <4
56. 3<x <7

57. =40 < x < 0
58. —12<x< -4

59. x<5and x>0

1.1 Review of Real Numbers and Absolute Value
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74

75.

76.

77.

78

79

80

x < —10 and x > —40
x<7 and x < 10
x<1 and x> 3
x<—-2orx=>35
x<0orx>4
x<6orx>2

x<0Qorx<5

Write an equivalent inequality.

All real numbers less than -15.

All real numbers greater than or equal to -7.

All real numbers less than 6 and greater than zero.

All real numbers less than zero and greater than -5.

All real numbers less than or equal to 5 or greater than 10.

All real numbers between -2 and 2.

Determine the inequality given the answers expressed in interval
notation.

(= 12)
[~8.)
(==:9)
(0.)

(-6, 14)
(0, 12]
|5.25)
|-30, —10]

1.1 Review of Real Numbers and Absolute Value
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81 (

82.

83. (—o,—2) U (0, )
(

84.

PART C: ABSOLUTE VALUE

simplify.
85. |—9|
g6. 114l
87. — |4l
8s. — I8l
8o. —|— 2]
. = (=]3])
91. —|—(=7)|
92. —|—(—10)|
93. — (—1-2I)
94. — (—1-10I)
5. = (== (=3)])

96. — (— (—1-=201))

Determine the values represented by a.

97. lal = 10
98. lal =7
— 1
99. lal = 2
-9
100. lal = i

1.1 Review of Real Numbers and Absolute Value
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101. lal =0

102. lal = —1

PART D: DISCUSSION BOARD

103. Research and discuss the origins and evolution of algebra.
104. Research and discuss reasons why algebra is a required subject today.

105. Solution sets to inequalities can be expressed using a graph, interval notation,
or set notation. Discuss the merits and drawbacks of each method. Which do
you prefer?

106. Research and discuss the Fundamental Theorem of Algebra. Illustrate its idea
with an example and share your results.
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ANSWERS

1. {1,5,9,13,17,21}
3. {2}

5. {..,-3,-2,-1}

7. {13,15,17}

9. 3-5-13

1. 2-3-5-11
13. 2-2-3-3-5
15.
17.

19.

21.

(]
= Wk —_ (O, BN

23.

v

25. ~10 -5

Y

27/ -

-
29. -6 -5 -4 -3 -2 -
31. 10

=
piw G
e b8

(S ]

Y

=] Fra |~ = Ln

33, =iz

35.

37. >
39. <
41. <
43, <
45. True

47. False
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49. True
51. (—oc,—l);
Ef5—5-4—3.—2—| 0 1 2 3 4 5 6
53. [8,oo>;
-14 -12 -10 -8 -6 -4
55. [—10,4);
@I—l—w L L 1l
-14 =12 -10 -8 -6 -4 -2 0 2 - 6 8 10
57. (—40,0);
-— L L 1 L ! Ly
-60 —50 —40 -30 -20 -10 O 10 20 30 40 50 60
59, [0,5);
1L . L . L . - ey
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
61. (—oo,7>;

63. (—oo, —2)U [5,00);
e e

65. (—oo, oo) =R;

4 -3 -2 -1. 0 1 2 3 4 5 6 17 8
67. x < —15

69. 0<x<6

71. x <5 or x> 10
73. x < 12

75. x <0

77. —6 <x < 14

79. 5 <x <25

8l. x <2 or x>3
83. x<—-2or x>0

85. 9
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87.

89.

91.

93.

95.

97.

99.

101.

103.

105.

-4
_3
8
-7
2
5
a= =10
a=zx2
a=20
Answer may vary

Answer may vary
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1.2 Operations with Real Numbers

53. The result of adding.
54. The result of subtracting.

55. Given any real number a,
a+0=0+a=a.

56. Given any real number a,

a+ (—a)= (—a)+a=0.

57. Given real numbers a, b and c,

(a+b)+c=a+ (b+c .

Working with Real Numbers

In this section, we continue to review the properties of real numbers and their

LEARNING OBJECTIVES

1. Review the properties of real numbers.
2. Simplify expressions involving grouping symbols and exponents.
3. Simplify using the correct order of operations.

operations. The result of adding real numbers is called the sum® and the result of

subtracting is called the difference®. Given any real numbers a, b, and c, we have
the following properties of addition:

55

56

57

Additive Identity Property:

a+0=04+a=a

Additive Inverse Property:

a+ (—a)= (—a)+a=0

Associative Property:

(a+b)+c=a+ (b+c)

Commutative Property:

a+b=b+a
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58

It is important to note that addition is commutative and subtraction is not. In other
words, the order in which we add does not matter and will yield the same result.
However, this is not true of subtraction.

5+10=10+5 5-10 # 10-5
15=15 -5 # 5

We use these properties, along with the double-negative property for real numbers,
to perform more involved sequential operations. To simplify things, make it a
general rule to first replace all sequential operations with either addition or
subtraction and then perform each operation in order from left to right.

Example 1
Simplify: =10 — (—=10) + (—5) .

Solution:

Replace the sequential operations and then perform them from left to right.

—10 - (-10) + (—5) =—104+ 10 — 5 Replace — (—) with addition (+).
Replace + (=) with subtraction ().
=0-5

=-5

Answer: -5

58. Given real numbers a and b,
a+b=>b+a.
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Adding or subtracting fractions requires a common denominator™. Assume the
common denominator c is a nonzero integer and we have

59. A denominator that is shared
by more than one fraction.

1.2 Operations with Real Numbers
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Example 2
Simplify: % = % + % .
Solution:

First determine the least common multiple (LCM) of 9, 15, and 45. The least
common multiple of all the denominators is called the least common
denominator® (LCD). We begin by listing the multiples of each given
denominator:

{9, 18,27, 36,45, 54,63,72,81,90, ... }Multiples of 9
{15,30,45,60,75,90, ...} Multiples of 15
{45,90,135...} Multiples of 45

Here we see that the LCM(9, 15, 45) = 45. Multiply the numerator and the
denominator of each fraction by values that result in equivalent fractions with
the determined common denominator.

Once we have equivalent fractions, with a common denominator, we can
perform the operations on the numerators and write the result over the
common denominator.

60. The least common multiple of a
set of denominators.

1.2 Operations with Real Numbers
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_10-3+38

45

_ 15

45

And then reduce if necessary,

_I5+15
S 45+15
1
3

Answer: —

Finding the LCM using lists of multiples, as described in the previous example, is
often very cumbersome. For example, try making a list of multiples for 12 and 81.
We can streamline the process of finding the LCM by using prime factors.

12=2%.3
81=3*

The least common multiple is the product of each prime factor raised to the highest
power. In this case,

LCM(12,81) = 2> - 3* =324
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Often we will find the need to translate English sentences involving addition and
subtraction to mathematical statements. Below are some common translations.

n + 2The sum of a number and 2.
2 — nThedifference of 2 and a number.

n — 2Here 2 is subtracted from a number.

1.2 Operations with Real Numbers
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Example 3

What is 8 subtracted from the sum of 3 and %?

Solution:

We know that subtraction is not commutative; therefore, we must take care to
subtract in the correct order. First, add 3 and %and then subtract 8 as follows:

"the sum of
In
3and > subtract 8
from the sum"

—t
1 e
[3+5] = 8

Perform the indicated operations.

1 3 2 1
— ) -8=(=.=—4+—-) -8
(3+3)-5=(33+3)
6+ 1
=—— )-8
(*5)
_7_8 2
2 1 2
_1-16
2
__2
2

Answer: — %

The result of multiplying real numbers is called the product® and the result of
dividing is called the quotient®. Given any real numbers a, b, and ¢, we have the
61. The result of multiplying. following properties of multiplication:

62. The result of dividing.

1.2 Operations with Real Numbers
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Zero Factor Property: |a -0 =0-a =0

Multiplicative Identity Property: ([a - 1 =1 -a =a

Associative Property: (a . b) cc=a- (b . C)

Commutative Property: |a -b = b - a

63
64
65

66

It is important to note that multiplication is commutative and division is not. In
other words, the order in which we multiply does not matter and will yield the
same result. However, this is not true of division.

5-10=10-5 5+10£10=+5
63. Given any real number a, _
Clven any real numbe 50=50 0.5#2

64. Given any real number a,
a-1=1-a=a.
We will use these properties to perform sequential operations involving
65 G“(’ien any real numbers , b multiplication and division. Recall that the product of a positive number and a
and c,

(a _ b) e—q. ( b. c) . negative number is negative. Also, the product of two negative numbers is positive.

66. Given any real numbers a and

ba-b=>b-a.
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Example 4
Multiply: 5 (—3) (—2) (—4).
Solution:

Multiply two numbers at a time as follows:

S(=3)(=2)(-4)=5(=3)(-2)(-4)

S

- -15(-2)(-4)

—

= 30(-4)

—

-120

Answer: -120

Because multiplication is commutative, the order in which we multiply does not
affect the final answer. However, when sequential operations involve multiplication
and division, order does matter; hence we must work the operations from left to
right to obtain a correct result.
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Example 5
simplify: 10 + (=2) (-5).
Solution:

Perform the division first; otherwise the result will be incorrect.

Correct! Incorrect!
10+(=2)(=5)= 10+(=2) (=5) | 10+(=2)(=5)=10+ (-2)(-5)
division first mu/n’plim]l{(nn
Sfirst

= =) =10+10

=25 v -1 «x

Notice that the order in which we multiply and divide does affect the result.

Therefore, it is important to perform the operations of multiplication and
division as they appear from left to right.

Answer: 25

The product of two fractions is the fraction formed by the product of the
numerators and the product of the denominators. In other words, to multiply
fractions, multiply the numerators and multiply the denominators:

1.2 Operations with Real Numbers
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Example 6
Multiply: — % . % .
Solution:

Multiply the numerators and multiply the denominators. Reduce by dividing
out any common factors.

Answer: — %

Two real numbers whose product is 1 are called reciprocals®’. Therefore, %and %

are reciprocals because % . % = Z—Z = IFor example,
2 3 6 |
3.2 6

Because their product is 1, %and %are reciprocals. Some other reciprocals are

listed below:
67. Two real numbers whose

product is 1.
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1 4 5
and 7 and — —g and -7

| Wi
|

This definition is important because dividing fractions requires that you multiply
the dividend by the reciprocal of the divisor.

a d
a c_ § ¢ _j°%c_ad
T4 < d =7
b d y - 1 b c
In general,
a ¢ _a d _ad
b d b ¢ b

1.2 Operations with Real Numbers
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Example 7
Simplify: % = % . %
Solution:

Perform the multiplication and division from left to right.

In algebra, it is often preferable to work with improper fractions. In this case,
we leave the answer expressed as an improper fraction.

.25
Answer: 4

Try this! Simplify: % . % = é .

Answer: 3

(click to see video)
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68. Parentheses, brackets, braces,
and the fraction bar are the
common symbols used to
group expressions and
mathematical operations
within a computation.

Grouping Symbols and Exponents

In a computation where more than one operation is involved, grouping symbols
help tell us which operations to perform first. The grouping symbols®® commonly
used in algebra are:

( ) Parentheses
[ ] Brackets
{ } Braces

— Fraction bar

All of the above grouping symbols, as well as absolute value, have the same order of
precedence. Perform operations inside the innermost grouping symbol or absolute
value first.
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1.2 Operations with Real Numbers

Example 8
Simplify: 2 — (% — %) .

Solution:

Perform the operations within the parentheses first.

~ 12 2
__<E_E
2 (E)

15
2 3 2
"1 3 3
_6-2
===
4
3

Answer: —
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Example 9

5—4-(=3)l

Simplify: S(5-7) ¢

Solution:

The fraction bar groups the numerator and denominator. Hence, they should be
simplified separately.

5— 44— (=3)_5- |4+3]
31— (5-7) 1-31- (=2
5- 17
)
5-7

Answer: — %

If a number is repeated as a factor numerous times, then we can write the product
in a more compact form using exponential notation®’. For example,
69. The compact notation d" used

when a factor a is repeated n
times.

70. The factor a in the exponential 5.5.5.5=5%
notation " .

71. The positive integer n in the
exponential notation ' that

indicates the number of times The base’’ is the factor and the positive integer exponent’" indicates the number of
the base is used as a factor. times the base is repeated as a factor. In the above example, the base is 5 and the
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72. The result when the exponent
of any real number is 2.

73. The result when the exponent
of any real number is 3.

exponent is 4. Exponents are sometimes indicated with the caret (") symbol found
on the keyboard, 514 = 5*5*5%5, In general, if a is the base that is repeated as a
factor n times, then

a'"=a-a-a-....a

n factors of a

When the exponent is 2 we call the result a square’?, and when the exponent is 3
we call the result a cube’®. For example,

52 =5.5=25 “5 squared”
5% =5.5.5=125 “5cubed”

If the exponent is greater than 3, then the notation " is read, “a raised to the nth
power.” The base can be any real number,

(2.5 =(2.5) (2.5) = 6.25

AN 2 2\ 8
(3-(3) (D ()2
(-2'=(-2) (-2) (-2) (-2) =16
24=-1.2.2.2.2=-16

Notice that the result of a negative base with an even exponent is positive. The
result of a negative base with an odd exponent is negative. These facts are often
confused when negative numbers are involved. Study the following four examples
carefully:

1.2 Operations with Real Numbers
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The base is (-3). The base is 3.

(=3 =(=3) (=3) (=3) (-3) = +81| -3*=-1-3-3-3-3 =-81
(=3 =(=3) (=3) (=3) = =27 —3*=-1.3.3.3=-27

The parentheses indicate that the negative number is to be used as the base.
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1.2 Operations with Real Numbers

Example 10
Calculate:
o (-4
b (-3)

Solution:

Here — %is the base for both problems.

a. Use the base as a factor three times.

Answers:
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Try this! Simplify:

a. =2*

b. (=2)*
Answers:

a. -16

b. 16

(click to see video)

Order of Operations

When several operations are to be applied within a calculation, we must follow a
specific order to ensure a single correct result.

1. Perform all calculations within the innermost parentheses or
grouping symbol first.

2. Evaluate all exponents.

3. Apply multiplication and division from left to right.

4. Perform all remaining addition and subtraction operations last from
left to right.

Note that multiplication and division should be worked from left to right. Because of
this, it is often reasonable to perform division before multiplication.
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Example 11
Simplify: 5° =24+ 6 - 2 + 2.
Solution:

First, evaluate 5° and then perform multiplication and division as they appear
from left to right.

53 -24+6- 2=5_-24+6-—+2

|~
N =

=125—24+6-%+2

1
=125-4- = +2
=125-2+2
=123 +2

=125

Multiplying first would have led to an incorrect result.

53—24+6~1+2=125—24+ 6~l +2
2 2

—
Incorrect

=125—-24+3 +2

—_—

=125-8 +2

—

=117+2

—_—

=119 «x

Answer: 125
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We are less likely to make a mistake if we work one operation at a time. Some

Example 12
Simplify: —10 — 52 + (=3)*.
Solution:

Take care to correctly identify the base when squaring.

—10-5% 4+ (-3*=-10-25 + 81
=-35+81
=46

Answer: 46

problems may involve an absolute value, in which case we assign it the same order
of precedence as parentheses.

1.2 Operations with Real Numbers
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1.2 Operations with Real Numbers

Example 13
simplify: 7 — 5|2 + (=3)°|.

Solution:

Begin by performing the operations within the absolute value first.

7-5|-2% +(=30|=7-5]-4+9|

=7-55|
=7-5-5
=7-125
=—18

Subtracting 7 — 5 first will lead to incorrect results.

7-5

2 2| _ _ |22V
22+ (3)|= 7 = 5|2 +(-3)]
Incorrect

=2|-4+9|
=23
=10 x

Answer: -18

Try this! Simplify: —6> — [—15 — (=2)°’] - (-2)".

Answer: -45

(click to see video)
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KEY TAKEAWAYS

+ Addition is commutative and subtraction is not. Furthermore,
multiplication is commutative and division is not.

+ Adding or subtracting fractions requires a common denominator;
multiplying or dividing fractions does not.

* Grouping symbols indicate which operations to perform first. We usually
group mathematical operations with parentheses, brackets, braces, and
the fraction bar. We also group operations within absolute values. All
groupings have the same order of precedence: the operations within the
innermost grouping are performed first.

« When using exponential notation A", the base a is used as a factor n
times. Parentheses indicate that a negative number is to be used as the

base. For example, (—5) : is positive and —52 is negative.

« To ensure a single correct result when applying operations within a
calculation, follow the order of operations. First, perform operations in
the innermost parentheses or groupings. Next, simplify all exponents.
Perform multiplication and division operations from left to right.
Finally, perform addition and subtraction operations from left to right.
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TOPIC EXERCISES

PART A: WORKING WITH REAL NUMBERS

1.2 Operations with Real Numbers

Perform the operations. Reduce all fractions to lowest terms.
33— (=15) + (-8)
—-10-9+ (-6)
—23 4+ (=7) = (-10)
-1-(-D-1

=
+
U-)I»—A
I

L
10

. Subtract 3 from 10.

. Subtract -2 from 16.

. Subtract — % from 4.

1 3
Subtract — 5 from > -

. Calculate the sum of -10 and 25.

Calculate the sum of -30 and -20.

. Find the difference of 10 and 5.

. Find the difference of -17 and -3.
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The formulad = |b — algives the distance between any two points on
a number line. Determine the distance between the given numbers on a
number line.

19. 10and 15
20. 6and 22
21. 0and 12
22. -8and 0
23. -5and -25

24. -12 and -3

Determine the reciprocal of the following.

1
25. 3
2
26. 5
3
27/ 2
28. -12

29. awherea # 0

30. L
a

31. % wherea # 0
1

32. b

Perform the operations.
33. —4(=5) +2
3. (=15) (=3)+ (-9)
35. =22+ (=11) (-2)
36. 50+ (—25) (—4)

. 2 (=)

1.2 Operations with Real Numbers
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54,

55.

1.2 Operations with Real Numbers

4 _2)_&

5 5 25

-3) (-3)+F
2 2 16

8.5,

5 7 2 40

3 .31

16 8 2

Find the product of 12 and 7.
Find the product of — % and 12.
Find the quotient of -36 and 12.
Find the quotient of — % and 9.

Subtract 10 from the sum of 8 and -5.
Subtract -2 from the sum of -5 and -3.

Joe earns $18.00 per hour and “time and a half” for every hour he works over
40 hours. What is his pay for 45 hours of work this week?

Billy purchased 12 bottles of water at $0.75 per bottle, 5 pounds of assorted
candy at $4.50 per pound, and 15 packages of microwave popcorn costing $0.50
each for his party. What was his total bill?

James and Mary carpooled home from college for the Thanksgiving holiday.
They shared the driving, but Mary drove twice as far as James. If Mary drove
for 210 miles, then how many miles was the entire trip?

AG % foot plank is to be cut into 3 pieces of equal length. What will be the
length of each piece?

A student earned 72, 78, 84, and 90 points on her first four algebra exams.
What was her average test score? (Recall that the average is calculated by
adding all the values in a set and dividing that result by the number of
elements in the set.)
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56. The coldest temperature on Earth, -129° F, was recorded in 1983 at Vostok
Station, Antarctica. The hottest temperature on Earth, 136° F, was recorded in
1922 at Al’ Aziziyah, Libya. Calculate the temperature range on Earth.

PART B: GROUPING SYMBOLS AND EXPONENTS

Perform the operations.
s57. 7T— {3— [-6— (10)] }
58. —(9—12)— [6— (-8 —3)|
2+ {5- 10-3)}
0. 2 {6+ (6-9)}
5

o3 ([ (£ 3]

59.

63. 53

o

o5, T

- 1-19-(3-4)|
—1-21+(-8—(~10))

Perform the operations.

67. 122

68. (—12)2

69. —12°

70. —(—12)?

71. —5%

72. (—5)4

n (-4)
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74. —(—%
3 2
s =(=3)
76. —(— 2
77. (—1)?
78. (=112
79. —(=1)1?
80. —(—1)°
81. —107?
82. —10*

PART C: ORDER OF OPERATIONS

Simplify.

83. 5—3(4-3%)
81. 8—5(3-3%)

8. (=5)° +3(2-4%)
86. 6 — 2( +4. 7)
8. 5-3[3(2-3%) +(=3)?]

. 10-5[(2-5)" - 3]

go. [57-3%| - [2- (5+(-47)]
0. 7% — [2 -7 - (-8)?]

91. > + (i—l+2)-4

2 12
2 6 [(3) - (3)]+ 2
93, 3522'_5;;4
(3+(=2)%)-4-3
94. -
—4241
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95.

96.

97.
98.

99.
100.
101.
102.

103.
104.

105.

106.

107.

108.

109.

110.

—524(-3)?-2-3
82+6(—10)

(=4)°+(=3)’

—9%—(-12+2%)*10

—5% —2|-5|

2% +6[2* - 57

= (4= 72 - &)

-3 (5-21-6|)

(=3)°=|-2 + (=3)°| - 4°
—5% =237 = 2% - (-2)°
5.1-5-@= 1-7)3
10> +2 (|-5 - 6%)
2 1 4 )2
bl - (-4
10 1 .1
24|37 -7+3
Calculate the sum of the squares of the first three consecutive positive odd
integers.

Calculate the sum of the squares of the first three consecutive positive even
integers.

What is 6 subtracted from the sum of the squares of 5 and 8?

What is 5 subtracted from the sum of the cubes of 2 and 3?

PART D: DISCUSSION BOARD

111.

112.

113.

114.

1.2 Operations with Real Numbers

What is PEMDAS and what is it missing?
Does 0 have a reciprocal? Explain.

Explain why we need a common denominator in order to add or subtract
fractions.

Explain why (—10)* is positive and —10% is negative.
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ANSWERS

1. 40

3

1
N
o

N
(] |9 TN [SVRONY | )

11.

N
@l@

13.

15.

=
()]

17. 5

19. 5 units

21. 12 units

23. 20 units

25%

w

4
27. 3
29.

31.

33. 10

35. -4

39. -1

=

43. =%

45. 84
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47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

67.

69.

71.

73.

75.

77.

79.

81.

83.

85.

87.

89.

91.

93.

95.

1.2 Operations with Real Numbers

=3

-7

$855

315 miles
81 points
=112

-1

75

-100
20

-17

I
[\ [
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97.

99.

101.

103.

105.

107.

109.

111.

113.

1.2 Operations with Real Numbers

83
Answer may vary

Answer may vary
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1.3 Square and Cube Roots of Real Numbers

74.

75.

76.

77.

That number that when
multiplied by itself yields the
original number.

The symbol \/ used to denote
a square root.

The non-negative square root.

The number within a radical.

LEARNING OBJECTIVES

1. Calculate the exact and approximate value of the square root of a real
number.

2. Calculate the exact and approximate value of the cube root of a real
number.

3. Simplify the square and cube root of a real number.

4. Apply the Pythagorean theorem.

The Definition of Square and Cube Roots

A square root’* of a number is a number that when multiplied by itself yields the
original number. For example, 4 is a square root of 16, because 4% = 16. since
(—4)* = 16, we can say that -4 is a square root of 16 as well. Every positive real
number has two square roots, one positive and one negative. For this reason, we use

the radical sign” \/ to denote the principal (nonnegative) square root’® and a

negative sign in front of the radical — \/ to denote the negative square root.

V16=4 Positive square root of 16

—v/16=—4  Negative square root of 16

Zero is the only real number with exactly one square root.

V0=0

If the radicand’’, the number inside the radical sign, is nonzero and can be factored
as the square of another nonzero number, then the square root of the number is
apparent. In this case, we have the following property:
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V& =a, if a>0

It is important to point out that a is required to be nonnegative. Note that
V(=3)* # —3because the radical denotes the principal square root. Instead,

/(=37 =40=3

This distinction will be carefully considered later in the course.

Example 1

Find the square root:

Solution:

1.3 Square and Cube Roots of Real Numbers
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Example 2

Find the negative square root:

2 —6d
b T

Solution:
a. — /64 =—4/8 =-8

b. —y/1=-V12=-1

The radicand may not always be a perfect square. If a positive integer is not a

perfect square, then its square root will be irrational. Consider \/5 , We can obtain
an approximation by bounding it using the perfect squares 4 and 9 as follows:

VE<VE<\B

2<4/5<3

With this we conclude that 1/5 is somewhere between 2 and 3. This number is

better approximated on most calculators using the square root button, \/ .

\/5 ~ 2.236because2.236 A 2 ~ 5

Next, consider the square root of a negative number. To determine the square root
of -9, you must find a number that when squared results in -9,
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However, any real number squared always results in a positive number,

(3 =9 and (-3 =9

The square root of a negative number is currently left undefined. Try calculating

1/ —9 on your calculator; what does it say? For now, we will state that 1/—9 is not a
real number. The square root of a negative number is defined later in the course.

A cube root’® of a number is a number that when multiplied by itself three times

yields the original number. Furthermore, we denote a cube root using the symbol
\3/ , where 3 is called the index”. For example,

\3/§ =2, because 2° =8

The product of three equal factors will be positive if the factor is positive, and
negative if the factor is negative. For this reason, any real number will have only
one real cube root. Hence the technicalities associated with the principal root do
not apply. For example,

3/ _ A
78. The number that when —8 = -2, because ( 2) = -8

multiplied by itself three times
yields the original number,

denoted by \3/ .

In general, given any real number a, we have the following property:
79. The positive integer n in the

notation \"/ that is used to
indicate an nth root.
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Ve =a

When simplifying cube roots, look for factors that are perfect cubes.

Example 3

Find the cube root:

c @
S
[\9)
()]

[\ ]
\1|°°

Solution:

1.3 Square and Cube Roots of Real Numbers
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Example 4

Find the cube root:

a. /=27
b. /-1

Solution:

a. /=27 = V(=3 = -3
b. v—-1=v(-1P =-1

It may be the case that the radicand is not a perfect cube. If this is the case, then its

cube root will be irrational. For example, \“/5 is an irrational number, which can be

approximated on most calculators using the root button

\x/-

.Depending on the

calculator, we typically type in the index prior to pushing the button and then the

radicand as follows:

Therefore, we have

v/2 = 1.260, because 1.260 A 3 ~ 2

We will extend these ideas using any integer as an index later in this course. It is
important to point out that a square root has index 2; therefore, the following are

equivalent:

1.3 Square and Cube Roots of Real Numbers
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80. Given real numbers \"/X and

VB,
81. Given real numbers \%X and

g ofa _ YA
VBA/F =5

82. A radical where the radicand
does not consist of any factors
that can be written as perfect
powers of the index.

1.3 Square and Cube Roots of Real Numbers

fa= o

In other words, if no index is given, it is assumed to be the square root.
Simplifying Square and Cube Roots

It will not always be the case that the radicand is a perfect square. If not, we use the
following two properties to simplify the expression. Given real numbers \/A and

\VBTwhereB # 0,

Product Rule for Radicals: | \/A - B = \/A - \"/E

Quotient Rule for Radicals: " % =

80

81

A simplified radical®® is one where the radicand does not consist of any factors
that can be written as perfect powers of the index. Given a square root, the idea is
to identify the largest square factor of the radicand and then apply the property

shown above. As an example, to simplify /12, notice that 12 is not a perfect
square. However, 12 does have a perfect square factor, 12 = 4 - 3. Apply the
property as follows:

V12=4/4-3 Apply the product rule for radicals.
= \/4_1 . \/§ Simplify.
=2-4/3
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The number 24/3 is a simplified irrational number. You are often asked to find an
approximate answer rounded off to a certain decimal place. In that case, use a
calculator to find the decimal approximation using either the original problem or
the simplified equivalent.

V12 =24/3 = 3.46

As a check, calculate /12 and 2\/§ on a calculator and verify that the results are
both approximately 3.46.
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Example 5

Simplify: 1/135.
Solution:

Begin by finding the largest perfect square factor of 135.

135=3%.5
=32.3.5
=9.15

Therefore,

V135=4/9 - 15 Apply the product rule for radicals.

=\/§~ \/E Simplify.
=3.4/15

Answer: 34/15

1.3 Square and Cube Roots of Real Numbers
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Example 6
Simplify % .
Solution:

We begin by finding the prime factorizations of both 108 and 169. This will
enable us to easily determine the largest perfect square factors.

108=2%.3% =22.3%2.3
169=13>

Therefore,

= Apply the product and quotient rule f or radicals.

169 132
V22 -4/32.4/3
= Simplify.
132
2-3.4/3
13
64/3
13
Answer I—\f
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Example 7
Simplify: —54/162.

Solution:

-54/162=-5-4/81-2

=—5-\/8_1_-\/§
=-5.9.4/2
=—45-4/2

Answer: —45 \/—2_

Try this! Simplify: 44/150.

Answer: 20 \/g

(click to see video)

A cube root is simplified if it does not contain any factors that can be written as
perfect cubes. The idea is to identify the largest cube factor of the radicand and
then apply the product or quotient rule for radicals. As an example, to simplify

\3/ 80, notice that 80 is not a perfect cube. However, 80 = 8 - 10 and we can write,
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\/80=+/8 - 10 Apply the product rule for radicals.
=+/8- /10  Simplify.
=2-+/10

Example 8

simplify: v/162.
Solution:

Begin by finding the largest perfect cube factor of 162.

162=3%.2
=3%.3.2
=27-6

Therefore,

\/162=+/27 -6  Applythe product rule for radicals.
=+/27 - \3/6 Simplify.
=3- /6

Answer: 3 \3/6
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Example 9
Simplify: 1/ — %.
Solution:
J 16 /—1-8-2
343 VGE
/—1-+/8-v2
= v
-1-2-y2
B 7
—2+/2
7
24P
Answer: 7

Try this! Simplify: —2 1/—256.

Answer: 8 \3/4_1

(click to see video)

Consider the following two calculations,

1.3 Square and Cube Roots of Real Numbers
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83. A triangle with an angle that
measures 90°.

84. The longest side of a right
triangle; it will always be the
side opposite the right angle.

85. The sides of a right triangle
that are not the hypotenuse.

86. The hypotenuse of any right
triangle is equal to the square
root of the sum of the squares
of the lengths of the triangle’s
legs.

\/9_2
\/9—2'

23

9
(Vo) =P =9

Notice that it does not matter if we apply the exponent first or the square root first.
This is true for any positive real number. We have the following,

\/a_2=(\/5)2=a, ifa>0

Example 10

2
Simplify: (\/ 10> .
Solution:

2
Apply the fact that ( \/5) = aif a is nonnegative.

(vIo) =10

Pythagorean Theorem

A right triangle® is a triangle where one of the angles measures 90°. The side
opposite the right angle is the longest side, called the hypotenuse®, and the other
two sides are called legs®. Numerous real-world applications involve this geometric
figure. The Pythagorean theorem®® states that given any right triangle with legs
measuring a and b units, the square of the measure of the hypotenuse c is equal to
the sum of the squares of the measures of the legs, &> + b* = ¢*.In other words,
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the hypotenuse of any right triangle is equal to the square root of the sum of the
squares of its legs.

a+b* =72
c
4 or
c=+a’+b*
b

1.3 Square and Cube Roots of Real Numbers
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Example 11
Calculate the diagonal of a square with sides measuring 5 units.
Solution:

The diagonal of a square will form an isosceles right triangle where the two
equal legs measure 5 units each.

We can use the Pythagorean theorem to determine the length of the
hypotenuse.

Answer: 54/2 units

The Pythagorean theorem actually states that having side lengths satisfying the

property @* + b*> = ¢? is a necessary and sufficient condition of right triangles. In
other words, if we can show that the sum of the squares of the lengths of the legs of
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the triangle is equal to the square of the hypotenuse, then it must be a right
triangle.

Example 12

Determine whether or not a triangle with legs @ = 1 cmand b = 2 cm and
hypotenuse b = \/g cm is a right triangle.

Solution:

If the legs satisfy the condition a® + b* = ? then the Pythagorean theorem
guarantees that the triangle is a right triangle.

Pt = &
) 2

(17 +@2=(V5)

1+4 = 5
5 = 5 V

Answer: Yes, the described triangle is a right triangle.

1.3 Square and Cube Roots of Real Numbers
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KEY TAKEAWAYS

« The square root of a number is a number that when squared results in
the original number. The principal square root of a positive real number
is the positive square root. The square root of a negative number is
currently left undefined.

+ When simplifying the square root of a number, look for perfect square
factors of the radicand. Apply the product or quotient rule for radicals
and then simplify.

+ The cube root of a number is a number that when cubed results in the
original number. Every real number has only one real cube root.

« When simplifying cube roots, look for perfect cube factors of the
radicand. Apply the product or quotient rule for radicals and then
simplify.

« The Pythagorean theorem gives us a necessary and sufficient condition
of right triangles: @ + b* = Zifand only if a, b and c represent the
lengths of the sides of a right triangle.
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TOPIC EXERCISES

PART A: SQUARE AND CUBE ROOTS
Simplify

L BT
2 /30

3. —\/E
. —/100

\®]
9

en
=172 <]

—_
-
)
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17. —104/4
18. —8\/5
o, V8

2. /125
21, /=27
v T
23. v/0

24. 1/0.008
25. 1/0.064
26. —\/—8

27. —+/ 1000

34. 5\3/%
35. 4\3/5?

36. —10\3/§

37. —6v/—64

1.3 Square and Cube Roots of Real Numbers

28. v/ (—8)°
29. y (—15) .
1
3 ——
30. ST
31, 4° 2—7
"\ 64
1
3 — —
32 :
1
3 — —
33, o=
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38. 8v/—8
Use a calculator to approximate to the nearest hundredth.
39. \/§
2. /10
n. /19
2. /7
3. 34/5
1. =24/3
1. /3
1. V6
7. V28
1. V9
19. 44/10

50. —3 \S/E

51. Determine the set consisting of the squares of the first twelve positive integers.

52. Determine the set consisting of the cubes of the first twelve positive integers.

PART B: SIMPLIFYING SQUARE ROOTS AND CUBE ROOTS

simplify.
el \/ﬁ
s /30
5. \/24
56. \/E

1.3 Square and Cube Roots of Real Numbers 88



Chapter 1 Algebra Fundamentals

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

7,

72.

73.

74.

75

76

5y —160

7+/500
25 /686
5v/-96
(V&)
(vE)

1.3 Square and Cube Roots of Real Numbers

—2+/-162

50

57, —
81

5 54

58, —
25

48

69. 1| ——
3 —

70. o
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PART C: PYTHAGOREAN THEOREM

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

If the two legs of a right triangle measure 3 units and 4 units, then find the
length of the hypotenuse.

If the two legs of a right triangle measure 6 units and 8 units, then find the
length of the hypotenuse.

If the two equal legs of an isosceles right triangle measure 7 units, then find
the length of the hypotenuse.

If the two equal legs of an isosceles right triangle measure 10 units, then find
the length of the hypotenuse.

Calculate the diagonal of a square with sides measuring 3 centimeters.

Calculate the diagonal of a square with sides measuring 10 centimeters.
Calculate the diagonal of a square with sides measuring \/ 6 centimeters.

Calculate the diagonal of a square with sides measuring \/ 10 centimeters.

Calculate the length of the diagonal of a rectangle with dimensions 4
centimeters by 8 centimeters.

Calculate the length of the diagonal of a rectangle with dimensions 8 meters by
10 meters.

Calculate the length of the diagonal of a rectangle with dimensions \/ 3
meters by 2 meters.

Calculate the length of the diagonal of a rectangle with dimensions \/ 6
meters by \/ 10 meters.

To ensure that a newly built gate is square, the measured diagonal must match
the distance calculated using the Pythagorean theorem. If the gate measures 4
feet by 4 feet, what must the diagonal measure in inches? (Round off to the
nearest tenth of an inch.)
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92. If a doorframe measures 3.5 feet by 6.6 feet, what must the diagonal measure to
ensure that the frame is a perfect rectangle?

Determine whether or not the given triangle with legs a and b and
hypotenuse c is a right triangle or not.

93. a=3b="7,andc = 10

94, a =5b=12,andc = 13

95. a =8 b =15,andc = 17

96. a =7,b =24,andc = 30
97. a =3,b=2,andc = \/13
98. a = \/7b =4,andc = \/H

9. a=4b= \/g,andc = \/E

= \/E,b = \/E,andc = \/ﬁ

PART D: DISCUSSION BOARD

101. What does your calculator say after taking the square root of a negative
number? Share your results on the discussion board and explain why it says
that.

100.

Q

102. Research and discuss the history of the Pythagorean theorem.
103. Research and discuss the history of the square root.

104. Discuss the importance of the principal square root. Why is it that the same
issue does not come up with cube roots? Provide some examples with your
explanation.
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ANSWERS

1.

3

11.

13.

15.

17.

19.

21,

23,

255,

27/

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

9

NS NN (V)

Not a real number.
0.6

5

16

-20

1.73
4.36
6.71
1.44

3.04

1.3 Square and Cube Roots of Real Numbers
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49.

51.

53.

55.

59.

61.

63.

65.

67.

71.

73.

75.

77.

79.

81.

83.

85.

87.

89.

91.

93.

8.62

{1, 4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144}
34/2
24/6

5¢/2
57. 9
244/2
—204/5

Not a real number.
2+/2
34/3

35+/4
6v/6
64

2

5 units
71/ 2 units
314/ 2 centimeters

24/ 3 centimeters
4\/§ centimeters
\/ "] meters

The diagonal must measure approximately 67.9 inches.

Not a right triangle.

1.3 Square and Cube Roots of Real Numbers
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95.

97.

99.

101.

103.

Right triangle.
Right triangle.
Right triangle.
Answer may vary

Answer may vary

1.3 Square and Cube Roots of Real Numbers
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1.4 Algebraic Expressions and Formulas

87.

88.

89.

90.

91.

92.

Combinations of variables and
numbers along with
mathematical operations used
to generalize specific
arithmetic operations.

Components of an algebraic
expression separated by
addition operators.

Components of a term
separated by multiplication
operators.

The numerical factor of a term.

All the variable factors with
their exponents.

A term written without a
variable factor.

LEARNING OBJECTIVES

Identify the parts of an algebraic expression.
Apply the distributive property.

Evaluate algebraic expressions.

Use formulas that model common applications.

B W N =

Algebraic Expressions and the Distributive Property

In algebra, letters called variables are used to represent numbers. Combinations of
variables and numbers along with mathematical operations form algebraic
expressions®’, or just expressions. The following are some examples of expressions
with one variable, x:

2x + 3 X3 /x +x

 [—
+
|

x2 -9

Terms® in an algebraic expression are separated by addition operators and
factors®® are separated by multiplication operators. The numerical factor of a term
is called the coefficient™. For example, the algebraic expression x2y? + 6xy — 3
can be thought of as x?y? + 6xy 4+ (—3) and has three terms. The first term,
x2y?, represents the quantity 1x2y?> = 1-x-x -y -y where 1 is the coefficient
and x and y are the variables. All of the variable factors with their exponents form
the variable part of a term”". If a term is written without a variable factor, then it

is called a constant term®2. Consider the components of x*y? + 6xy — 3,
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Terms | Coefficient | Variable Part
X 2 y2 1 X 2 y 2
6xy 6 Xy
-3 -3

The third term in this expression, -3, is called a constant term because it is written

without a variable factor. While a variable represents an unknown quantity and
may change, the constant term does not change.

1.4 Algebraic Expressions and Formulas

96



Chapter 1 Algebra Fundamentals

Example 1

List all coefficients and variable parts of each term: 10> — 5ab — b*.
Solution:

We want to think of the third term in this example —b* as — 1b°.

Terms | Coefficient | Variable Part

104? 10 @

—Sab -5 ab

—b? -1 b?

Answer: Coefficients: {—5, -1, 10}; Variable parts: {az, ab, b2}

In our study of algebra, we will encounter a wide variety of algebraic expressions.
Typically, expressions use the two most common variables, x and y. However,
expressions may use any letter (or symbol) for a variable, even Greek letters, such
as alpha (@) and beta (f3). Some letters and symbols are reserved for constants, such
ast =~ 3.14159and e ~ 2.71828. Since there is only a limited number of letters,
you will also use subscripts, x1, x2, X3, X4, ..., to indicate different variables.
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93. Given any real numbers a, b,

andc,a(b+c) =ab + ac
or(b+c)a=ba+ca.

The properties of real numbers are important in our study of algebra because a
variable is simply a letter that represents a real number. In particular, the
distributive property’’ states that if given any real numbers a, b and c, then,

a(b+c)=ab+ac

This property is one that we apply often when simplifying algebraic expressions. To
demonstrate how it will be used, we simplify 2(5 — 3) in two ways, and observe the
same correct result.

Working parenthesis first. | Using the distributive property.

2(5-3)=2-5-2-3
=10 -6
=4

2(5-3)=2(2)
=4

Certainly, if the contents of the parentheses can be simplified we should do that
first. On the other hand, when the contents of parentheses cannot be simplified any
further, we multiply every term within it by the factor outside of it using the
distributive property. Applying the distributive property allows us to multiply and
remove the parentheses.
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Example 2
Simplify: 5 (—Za + 5b) — 2c.
Solution:

Multiply only the terms grouped within the parentheses for which we are
applying the distributive property.

5(—2a+5b)—2c

=5-(—2a)+5-5b-2c
=—10a + 25b — 2¢

Answer: —10a + 25b — 2c¢

Recall that multiplication is commutative and therefore we can write the
distributive property in the following manner, (b + C) a = ba+ ca.

1.4 Algebraic Expressions and Formulas
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94. Constant terms or terms whose
variable parts have the same
variables with the same
exponents.

95. Used when referring to like
terms.

96. Adding or subtracting like
terms within an algebraic
expression to obtain a single
term with the same variable
part.

Example 3
simplify: (3x—4y+1) - 3.
Solution:

Multiply all terms within the parenthesis by 3.

(3x—4y+1)-3=3x-3-4y-3+1-3
=9x — 12y + 3

Answer: 9x — 12y + 3

Terms whose variable parts have the same variables with the same exponents are
called like terms”, or similar terms”. Furthermore, constant terms are
considered to be like terms. If an algebraic expression contains like terms, apply the
distributive property as follows:

Sx+Tx=(05+T)x =12x
A7 +5x7 =T’ =4 +5 = T)x? = 2x?

In other words, if the variable parts of terms are exactly the same, then we can add or
subtract the coefficients to obtain the coefficient of a single term with the same
variable part. This process is called combining like terms®. For example,

12x%y% 4 3x%y% = 15x%y°
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Notice that the variable factors and their exponents do not change. Combining like
terms in this manner, so that the expression contains no other similar terms, is
called simplifying the expression®’. Use this idea to simplify algebraic expressions
with multiple like terms.

Example 4
simplify: x> — 10x + 8 + 5x> — 6x — 1.

Solution:

Identify the like terms and add the corresponding coefficients.

Ix> — 10x + 8 + 5x> — 6x — Combine like terms.

[ =

=6x>—16x+7

Answer: 6x2 — 16x + 7

97. The process of combining like
terms until the expression
contains no more similar
terms.
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Example 5
simplify: b* — ab — 2 (24°b° — Sab + 1) .
Solution:

Distribute -2 and then combine like terms.

@&b* —ab -2 (2a2b2 — 5ab + 1) =d*b* — ab — 4a*b* + 10ab — 2
=-3db*> + 9ab -2

Answer: =3 b*> + 9ab — 2

Evaluating Algebraic Expressions

An algebraic expression can be thought of as a generalization of particular
arithmetic operations. Performing these operations after substituting given values
for variables is called evaluating®. In algebra, a variable represents an unknown
value. However, if the problem specifically assigns a value to a variable, then you
can replace that letter with the given number and evaluate using the order of
operations.

98. The process of performing the
operations of an algebraic
expression for given values of
the variables.
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Example 6

Evaluate:

a. 5x — 2 wherex = %
b. y> —y — 6 where y = —4

Solution:

To avoid common errors, it is a best practice to first replace all variables with
parentheses, and then replace, or substitute’®, the appropriate given value.

a.
Sx—2=5()-2
2
=5(=)-=2
(5)
10 2 3
3 1 3
_10-6
3
4
3
b.

99. The act of replacing a variable
with an equivalent quantity.
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Y -y=6=()-()-6
=(—47 - (-9 -6
—16+4-6
=14

Answer:

ISR
—
hul#

Often algebraic expressions will involve more than one variable.

104
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Example 7
Evaluate @@ — 8b° wherea = —1land b = % .
Solution:

After substituting in the appropriate values, we must take care to simplify
using the correct order of operations.

a — 8b’ =( )3 — 8( )3 Replace variables with parentheses.

—

3
=(-1Y -8 < —) Substitute in the appropriate values.

[\

=—1-8 <%> Simplif'y.

=—1-1
=2

Answer: -2
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Example 8

P
>_where x = — iandy = -3.

Evaluate —— >

Solution:

_(-3) -3
T2 (-3
_3=¢
-3-1

At this point we have a complex fraction. Simplify the numerator and then
multiply by the reciprocal of the denominator.

9_9 . 4
— 4 1 4
—4
=21
_ 4
T4

1
=27 1
4 4
27
16

.27
Answer: T3

1.4 Algebraic Expressions and Formulas
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27
7 16
Unless the original problem has mixed numbers in it, or it is an answer to a real-

world application, solutions will be expressed as reduced improper fractions.

The answer to the previous example can be written as a mixed number =1 % .

Example 9
Evaluate V/ b* — 4acwhere a = —1,b=-7,andc = i .
Solution:

Substitute in the appropriate values and then simplify.

Answer: 5 \/E
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\/37Vh
h

Try this! Evaluate where V = 257 and h = 3.

Answer: 5

(click to see video)

Using Formulas

The main difference between algebra and arithmetic is the organized use of
variables. This idea leads to reusable formulas'®, which are mathematical models
using algebraic expressions to describe common applications. For example, the
volume of a right circular cone depends on its radius r and height h and is modeled
by the formula:

V =—nrh

In this equation, variables and constants are used to describe the relationship
between volume and the length of the base and height. If the radius of the base
measures 3 meters and the height measures 5 meters, then the volume can be
calculated using the formula as follows:

100. A reusable mathematical model
using algebraic expressions to
describe a common
application.
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Using 7 = 3.14, we can approximate the volume: V = 15 (3.14) = 47.1 cubic
meters.

A list of formulas that describe the area and perimeter of common plane figures
follows. The letter P represents perimeter and is measured in linear units. The letter
A represents area and is measured in square units.

Square Rectangle Parallelogram

N

P=4s P=2]+2w P=2a+2b
A:S2 A:IW Azbh

Trapezoid Triangle Circle
a

¢ a
b
b
P=a+b+c+d P=a+b+c C=2nr
A:%h(m—b) Azébh A=nr’

A list of formulas that describe the surface area and volume of common figures
follows. Here SA represents surface area and is measured in square units. The letter
V represents volume and is measured in cubic units.
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Cube Rectangular Solid

Right Circular Cylinder

w
S4=6s’ SA=2lw+2lh+2wh SA=2rr*+2nrh
V= V =Ilwh V=nrh
Right Circular Cone Sphere

SA = 4xr?

SA = nr* + mrs

1

V:—ﬂ'rzh V:iﬂ'r
3 3
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101. The distance D after traveling
at an average rate r for some
time t can be calculated using
the formula D = rt.

Example 10

The diameter of a spherical balloon is 10 inches. Determine the volume rounded

off to the nearest hundredth.

Solution:

The formula for the volume of a sphere is

This formula gives the volume in terms of the radius, r. Therefore, divide the
10

> = Sinches

diameter by 2 and then substitute into the formula. Here, r =
and we have

<
I

WA WA WA
N
—
o))
_
=
SN—

p—
[\
W
p—
sw

I
I
3

in® ~ 523.60in>

Answer: The volume of the balloon is approximately 523.60 cubic inches.

Formulas can be found in a multitude of subjects. For example, uniform motion'"!

is modeled by the formula D = rt, which expresses distance D, in terms of the

1.4 Algebraic Expressions and Formulas
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average rate, or speed, r and the time traveled at that rate, t. This formula, D = rt,
is used often and is read, “distance equals rate times time.”

Example 11

Jim’s road trip took 2 %hours at an average speed of 66 miles per hour. How far
did he travel?

Solution:

Substitute the appropriate values into the formula and then simplify.

D=r-t

(+2)(4)

—@ Emi
12

=33 -5mi
=165 mi

Answer: Jim traveled 165 miles.

Simple interest'* ] is given by the formula I = pr{ where p represents the
principal amount invested at an annual interest rate r for t years.

102. Modeled by the formula
I = prt where p represents
the principal amount invested
at an annual interest rate r for
t years.
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Example 12

Calculate the simple interest earned on a 2-year investment of $1,250 at an
annual interest rate of 3 % %.

Solution:

Convert 3 % %to a decimal number before using it in the formula.

, o3 % % = 3.75% = 0.0375

Use this and the fact that p = $1,250 and t = 2 years to calculate the simple
interest.

I=prt
=(1,250) (0.0375) (2)
=93.75

Answer: The simple interest earned is $93.75.
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KEY TAKEAWAYS

« Think of algebraic expressions as generalizations of common arithmetic
operations that are formed by combining numbers, variables, and
mathematical operations.

+ The distributive property a (b + C) = ab + agis used when
multiplying grouped algebraic expressions. Applying the distributive
property allows us to remove parentheses.

+ Combine like terms, or terms whose variable parts have the same
variables with the same exponents, by adding or subtracting the
coefficients to obtain the coefficient of a single term with the same
variable part. Remember that the variable factors and their exponents
do not change.

+ To avoid common errors when evaluating, it is a best practice to replace
all variables with parentheses and then substitute the appropriate
values.

+ The use of algebraic expressions allows us to create useful and reusable
formulas that model common applications.
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TOPIC EXERCISES

PART A: ALGEBRAIC EXPRESSIONS AND THE

DISTRIBUTIVE PROPERTY

List all of the coefficients and variable parts of each term.
1. —5x2+x-1
2. y2 -9y +3
3. 5x2 = 3xy + y?
4. @®b® +2ab - 4
5. X2y +xy2 = 3xy+ 9

6. x* —x3+x2—-x+2

Multiply.
7.5 (3x = 5)
8. 3(4x— 1)

0. =2 (2x* —=5x+1)
10. =5 (6x2 —=3x—1)
2
11. 3 (9y2 + 12y — 3)
(8y* +20y + 4)

1 5 7
—a2—€a+a>

3
1 5
9 =d -Za+1
14 5 3a+>

AW

12. —

13. 12

N

15. 9 (a? —2b%)

16. —5 (3x2 - yz)
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17. (5% —3ab +b*) - 6
18. (ab> —9ab—3) -7
19. — (5x2 — Xy +y2)
20. — (x2y2 — bxy — 1)
Combine like terms.
21. 18x — 5x + 3x
22. 30x — 50x + 10x
23. 3y—44+2y—12
24. 12y +7—-15y -6
25, 2x%2 —3x+2+5x%2 —6x+ 1
2. X2 +Tx—=5—-10x2 -8x+6

3 1 1 4
27, §§_§+§i+§

29. gy +§y— +§y +§y——
30. gx2+§x—l—§x2 7

31. @b + 5ab — 2 + 7d?b* — 6ab + 12

32. @ — 12ab + 4b* — 64 + 10ab — 5b*

33. 3x2y + 12xy — 5xy2 + Sxy — 8x2y + 2xy?
34. 10x2y + 2xy — 4xy? + 2x%y — 8xy + 5xy?

35. Tm?n — 9mn + mn?* — 6m?*n + mn — 2mn?

36. m2n — Smn + 5mn?* — 3m?*n + Smn + 2mn?>

o, 720 = 2 dn ) dn Dk — Al — )

38. 5y2" —3y" + 1 —3y2" —2y" — 1

1.4 Algebraic Expressions and Formulas

7

3
4

+—-—x—-c

5

116



Chapter 1 Algebra Fundamentals

Simplify.
39. 5 —2(4x+8)
10. 8 —6(2x — 1)
a1 2(x* =Tx+1) +3x-7
a2. =5 (x? +4x—1) +8x* -5
43. 5ab — 4 (ab +5)
44, 5(7 — ab) + 2ab
5. 2—d* +3(a +4)
46. T—3y+2(y? =3y —2)
47. 8x% =3x =5 (x* +4x— 1)
48. 2=5y—6(y2 -y +2)
19. @b* =5+ 3 (&b* — 3ab +2)
s0. @ —3ab—2( —ab+1)
51. 10y2 + 6 — (3y* +2y +4)
52. 4m? — 3mn — (m* — 3mn + n*)
53. x2" —3x" 4+ 5 (x2 —x" + 1)

54, —3 (y2” — 2" + 1) + 4y>r -5

PART B: EVALUATING ALGEBRAIC EXPRESSIONS

Evaluate.
55. —2x + 3 where x = =2
56. 8x — 5 where x = —1

57. x2—x+5 where X = =5
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58. 2x2 — 8x+ 1 where x =3

x2=x+2 _ 1
59. ZJCT where x = >
24
60. %where X = - %

61. (3y - 2) (y + 5) where y = %

62. 3x+2) (5x+ 1) where x = — %

63. Bx—1) (x — 8) where x = —1

64. (7y + 5) (y + 1) where y = —2

65. ¥ — 33 + 2 where y = —1

66. y° +y> — 3 where y = —2

67. @ — 5b* where a = —2 and b = —1

68. @ —2b> where @ = =3 and b = 2

69. (x — 2y) (x + 2y) where X = 2 and y = —5
70. (4x — 3y) (x — y) where X = —4 and y = -3
71. @ — ab + b* where a = —1 and b = -2

72. x2y% —xy+ 2 where x = =3 and y = —2
73. d* — b* where a = =2 and b = -3

78, &® —2a°b> — bO where a =2 and b = —1

Evaluate \/ b% — 4ac given the following values.
75. a =6b=1andc = —1
76. a = 15b =4andc = —4
77. a=%,b=—2andc=—4

78. a =+ b=—2andc = =30
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79.

80.

81.

82.

a=1b=2andc = -1
a=1,b=—4andc = -50

— _ _ 1
a—l,b——landC——E
a=—2,b=—%andc=l

PART C: USING FORMULAS

83.

84.

85.

86.

87.

83.

89.

90.

91.

92.

93.

94.

Convert the following temperatures to degrees Celsius given

C = % (F — 32) where F represents degrees Fahrenheit.

95°F
86°F
32°F

-40°F

Calculate the perimeter and area of a rectangle with dimensions 12 feet by 5
feet.

Calculate the perimeter and area of a rectangle with dimensions 5 meters by 1
meter.

Calculate the surface area and volume of a sphere with radius 6 centimeters.

The radius of the base of a right circular cylinder measures 4 inches and the
height measures 10 inches. Calculate the surface area and volume.

Calculate the volume of a sphere with a diameter of 18 centimeters.

The diameter of the base of a right circular cone measures 6 inches. If the

height is 1 % feet, then calculate its volume.

Given that the height of a right circular cylinder is equal to the radius of the
base, derive a formula for the surface area in terms of the radius of the base.

Given that the area of the base of a right circular cylinder is 257 square
inches, find the volume if the height is 1 foot.
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95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

Jose was able to drive from Tucson to Phoenix in 2 hours at an average speed of
58 mph. How far is Phoenix from Tucson?

If a bullet train can average 152 mph, then how far can it travel in % of an

hour?

Margaret traveled for 1 % hour at an average speed of 68 miles per hour. How
far did she travel?

The trip from Flagstaff, AZ to the Grand Canyon national park took 1 % hours

at an average speed of 54 mph. How far is the Grand Canyon national park
from Flagstaff?

Calculate the simple interest earned on a 3-year investment of $2,500 at an

annual interest rate of 5 % %.

Calculate the simple interest earned on a 1-year investment of $5,750 at an

annual interest rate of 2 % %.

What is the simple interest earned on a 5-year investment of $20,000 at an
annual interest rate of 6%?

What is the simple interest earned on a 1-year investment of $50,000 at an
annual interest rate of 4.5%?

The time t in seconds an object is in free fall is given by the formula 1 = e

where s represents the distance in feet the object has fallen. How long does it
take an object to fall 32 feet? (Give the exact answer and the approximate
answer to the nearest hundredth.)

The current I measured in amperes, is given by the formula I = 4 / %, where

P is the power usage measured in watts, and R is the resistance measured in
ohms. If a light bulb uses 60 watts of power and has 240 ohms of resistance,
then how many amperes of current are required?

PART D: DISCUSSION BOARD

105.

106.

Find and post a useful mathematical model. Demonstrate its use with some
values.

Research and discuss the history of the variable. What can we use if we run out
of letters?
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107.

108.

109.

110.

Find and post a link to a useful resource describing the Greek alphabet.

Given the algebraic expression 5 — 3 (9x — 1), explain why we do not
subtract 5 and 3 first.

Do we need a separate distributive property for more than two terms? For

example, a (b +c+ d) = ab + ac + adExplain.

How can we check to see if we have simplified an expression correctly?
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ANSWERS

1. Coefficients: {—5, 1, =1} ; variable parts: {x?, x}
3. Coefficients: {5, -3, 1} ; variable parts: {xz,xy, y2}
5. Coefficients: { 1, —3, 9} ; variable parts: {xzy, xyz,xy}
7. 15x — 25
9. —4x% +10x —2

11. 6y2 + 8y —2

13. 4@ — 10a + 7

15. 9 — 18b°

17. 30a? — 18ab + 6b*

19. =5x2 +xy — y?

21. 16x
23. S5y — 16
25. 7x2 —9x + 3
14 3
L — @+ —
SENTIRET:
11 , N 1
29, — - —
10° 77T 3

31. 8a2b* —ab + 10

33. =5x2y + 17xy — 3xy?

35. mZn — 8mn — mn

37. 3x2 — Tx" + 2

2

39. —8x —11
41, 2x2 = 11x =5
43. ab — 20
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45. 2d* + 14

47. 3x2 = 23x +5
19. 4@*b* — 9ab + 1
51. Ty2 =2y +2

53. 6x2" —8x" +5

55. 7

57. 35
59. —

61. 0
63. 36
65. 4
67. -1
69. -96
71. 3
73. -65
75. 5

77. 4

79. 2\/5

81 lzi
2

83. 35°C

85. 0°C

87. P =34 feet; A =60 square feet

89. SA =144t square centimeters; V = 2881 cubic centimeters

91. 97271 cubic centimeters

93. SA = 4nr?
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95.

97.

99.

101.

103.

105.

107.

109.

116 miles
119 miles
$393.75

$6,000

\/5 ~ 1.41 seconds

Answer may vary
Answer may vary

Answer may vary
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1.5 Rules of Exponents and Scientific Notation

103.x™ - x = x"*" the
product of two expressions
with the same base can be
simplified by adding the

exponents.

LEARNING OBJECTIVES

1. Review the rules of exponents.
2. Review the definition of negative exponents and zero as an exponent.
3. Work with numbers using scientific notation.

Review of the Rules of Exponents

In this section, we review the rules of exponents. Recall that if a factor is repeated
multiple times, then the product can be written in exponential form x". The
positive integer exponent n indicates the number of times the base x is repeated as
a factor.

xX"=x-x-...x

ntimes

Consider the product of x* and x©,

10
x“-x6= X XXX X" X-X-X-"X-X=X

10 factors of x

Expanding the expression using the definition produces multiple factors of the base
which is quite cumbersome, particularly when n is large. For this reason, we have
useful rules to help us simplify expressions with exponents. In this example, notice
that we could obtain the same result by adding the exponents.

x* - x8 = x*% = x10 Product rule for exponents

In general, this describes the product rule for exponents'®. In other words, when
multiplying two expressions with the same base we add the exponents. Compare

4
this to raising a factor involving an exponent to a power, such as (x6 ) .
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4

6 6 6 6 6

(x) =X X X X

- -

4 factors of x°
=x6+6+6+6

24
=X

Here we have 4 factors of x®, which is equivalent to multiplying the exponents.

4 : -
(x6 ) = x%* = x?* Power rule for exponents

This describes the power rule for exponents'**. Now we consider raising grouped
products to a power. For example,

4
<x2y3) —x2y3 . k293 L x33 L x2yB
=x?.x?.x*.x%. y3 -y3 -y3 -y3 Commutative property

=x2+2+2+2 . y3+3+3+3

=x8y12

After expanding, we are left with four factors of the product x2y?. This is
equivalent to raising each of the original grouped factors to the fourth power and
applying the power rule.

In general, this describes the use of the power rule for a product as well as the
power rule for exponents. In summary, the rules of exponents streamline the
process of working with algebraic expressions and will be used extensively as we

104. (x™)" = x™"; a power move through our study of algebra. Given any positive integers m and n where

raised to a power can be X,y # 0 we have
simplified by multiplying the Y

exponents.
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Product rule for exponents: | x™ - x" = xt"
m
Quotient rule for exponents: | = = x""
X
m-n

Power rule for exponents: | (x

Power rule for a product: (xy) "=x yn

Power rule for a quotient: (

105

106

These rules allow us to efficiently perform operations with exponents.

105. (xy) "= x"y™ if a product
is raised to a power, then apply
that power to each factor in
the product.

y y
raised to a power, then apply
that power to the numerator
and the denominator.

n
106. < L ) = x—,, ; if a quotient is
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Example 1

. .. . 10%10"?
Simplify: T
Solution:

10* - 10> 10'°
10° 10°
=10'6-3 Quotient rule

— 1013

Product rule

Answer: 1013

In the previous example, notice that we did not multiply the base 10 times itself.
When applying the product rule, add the exponents and leave the base unchanged.
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Example 2

2
Simplify: (xs - x? -x) .
Solution:

Recall that the variable x is assumed to have an exponent of one, x = xl

Answer: x 20

The base could in fact be any algebraic expression.
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Example 3
Simplify: (x + y)9 (x o y) B
Solution:

Treat the expression (x + y) as the base.

Answer: (x + y)22

The commutative property of multiplication allows us to use the product rule for
exponents to simplify factors of an algebraic expression.
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Example 4
simplify: —8x°y - 3x7y3.

Solution:

Multiply the coefficients and add the exponents of variable factors with the
same base.

—8x5y . 3x7y3=—8-3 cxex y1 -y3 Commutative property

= —24 . x> .yl Power rule for exponents

=—24x 12y4
12y4

Answer: —24x

Division involves the quotient rule for exponents.
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Example 5

33x7y5 (x—y)
Simplify: gl y)% .
11x6y(x—y)"

Solution:

Answer: 3xy* (x - y)7

The power rule for a quotient allows us to apply that exponent to the numerator
and denominator. This rule requires that the denominator is nonzero and so we will

make this assumption for the remainder of the section.
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Example 6

3
Simplify: ( ) > .

C4
Solution:

First apply the power rule for a quotient and then the power rule for a product.

3 3
—4b\ (—44°D) .
= Power rule for a quotient

ct (64)3

= Power rule for a product

64d°h°
6‘12

Answer: —

Using the quotient rule for exponents, we can define what it means to have zero as
an exponent. Consider the following calculation:

Twenty-five divided by twenty-five is clearly equal to one, and when the quotient
rule for exponents is applied, we see that a zero exponent results. In general, given
any nonzero real number x and integer n,
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This leads us to the definition of zero as an exponent'”’,

X=1x#0

It is important to note that 0° is indeterminate. If the base is negative, then the
result is still positive one. In other words, any nonzero base raised to the zero
power is defined to be equal to one. In the following examples assume all variables
are nonzero.

107.x° = 1; any nonzero base

raised to the 0 power is defined
to be 1.
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Example 7
Simplify:
a. (—2x)°
b. —2xY
Solution:

a. Any nonzero quantity raised to the zero power is equal to 1.

(—2x)° =1

b. Inthe example, —2x9, the base is x, not -2x.

2x0=-2.x°
=-2-1
=—2
Noting that 2° = 1 we can write,
L = 2 =20-3 _ 2_3

In general, given any nonzero real number x and integer n,
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This leads us to the definition of negative exponents'%:

An expression is completely simplified if it does not contain any negative
exponents.

108.x "

n, where x is nonzero.

1 . .
= +7 ,given any integer
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Example 8
Simplify: ( —4x? y) -,
Solution:

Rewrite the entire quantity in the denominator with an exponent of 2 and then

simplify further.
- 1
—4x2y e
( ) (_4x2y)2
_ 1
(=47 ()" (3)°
1

- 16x4y?

Answer: m

Sometimes negative exponents appear in the denominator.
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Example 9
=3
Simplify: ’y(j :

Solution:

y4
Answer: —
X

The previous example suggests a property of quotients with negative
exponents'”. Given any integers m and n where x # 0 and y # 0, then

This leads us to the property

x" oo
109. Som — T givenany

integers m and n, where

x#0andy # 0.

1.5 Rules of Exponents and Scientific Notation
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In other words, negative exponents in the numerator can be written as positive

exponents in the denominator and negative exponents in the denominator can be

written as positive exponents in the numerator.

Example 10
. . —5x —3y3

Simplify: =

Solution:

Take care with the coefficient -5, recognize that this is the base and that the

1
exponent is actually positive one: =5 = (—5) . Hence, the rules of negative
exponents do not apply to this coefficient; leave it in the numerator.

—5x~3y3 _ —5x73y3
74 74
3 -5 y3 Z4
P

-5 SZ4

Answer: —=
pE

In summary, given integers m and n where x, y # 0 we have

Zero exponent: xo =1

Negative exponent: | x " = —

1.5 Rules of Exponents and Scientific Notation
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Quotients with negative exponents: | — = —

Furthermore, all of the rules of exponents defined so far extend to any integer
exponents. We will expand the scope of these properties to include any real number
exponents later in the course.

Try this! Simplify: <2x > ) .

Z

x824

16y12

Answer:

(click to see video)

Scientific Notation

Real numbers expressed using scientific notation''® have the form,

ax 10"

where nis an integer and 1 < a < 10.This form is particularly useful when the
numbers are very large or very small. For example,

9,460,000,000,000,000m=9.46 x 10 m  One light year
0.000000000025 m=2.5 x 10~ m Radius of a hydrogen atom

It is cumbersome to write all the zeros in both of these cases. Scientific notation is
an alternative, compact representation of these numbers. The factor 10" indicates

the power of ten to multiply the coefficient by to convert back to decimal form:
110. Real numbers expressed the
forma X 10", where nis an
integerand | < a < 10.

15 zeros
A

9.46x10" =9.46 x l,bO0,000, 000, 000,006 =9,460,000,000,000,000
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111. );—’: = x"7"; the quotient of
two expressions with the same
base can be simplified by
subtracting the exponents.

This is equivalent to moving the decimal in the coefficient fifteen places to the
right.

A negative exponent indicates that the number is very small:

2.5x107" =2.5x% 1“ = 25 =0.000000000025
10" 100,000,000,000
11 zeros

This is equivalent to moving the decimal in the coefficient eleven places to the left.

Converting a decimal number to scientific notation involves moving the decimal as
well. Consider all of the equivalent forms of 0.00563 with factors of 10 that follow:

0.00563=0.0563 x 107!
=0.563 x 1072
=5.63 x 1073
=563 x 107*
=563 x 107

While all of these are equal, 5.63 X 1072 is the only form expressed in correct
scientific notation. This is because the coefficient 5.63 is between 1 and 10 as

required by the definition. Notice that we can convert 5.63 X 107> back to decimal
form, as a check, by moving the decimal three places to the left.

111
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Example 11

Write 1,075,000,000,000 using scientific notation.
Solution:

Here we count twelve decimal places to the left of the decimal point to obtain
the number 1.075.

1,075,000,000,000 = 1.075 x 10'?

Answer: 1.075 x 10'2

Example 12

Write 0.000003045 using scientific notation.
Solution:

Here we count six decimal places to the right to obtain 3.045.

0.000003045 = 3.045 x 107°

Answer: 3.045 x 107¢
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Often we will need to perform operations when using numbers in scientific
notation. All the rules of exponents developed so far also apply to numbers in
scientific notation.

Example 13

Multiply: (4.36 x 107) (5.3 x 10'%).

Solution:

Use the fact that multiplication is commutative, and apply the product rule for
exponents.

(436x107) (530 10"*)= (4.36-5.30) x (107 - 10"?)

=23.108 x 107"
=2.3108 x 10" x 10’
=2.3108 x 10'*7
=2.3108 x 10°

Answer: 2.3108 x 108
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Example 14
Divide: (3.24 x 10°) + (9.0 x 107%) .

Solution:

(3.24 x 10%) _<3.24> . ( 108 >

(9.0x107%) \ 9.0 1073
=0.36 x 108
=0.36 x 10%*3
=3.6 x 107" x 10"

=3.6 x 1071+11
=3.6x 10"

Answer: 3.6 X 10'°

1.5 Rules of Exponents and Scientific Notation
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Example 15

The speed of light is approximately 6.7 X 10% miles per hour. Express this
speed in miles per second.

Solution:

A unit analysis indicates that we must divide the number by 3,600.

6.7 x 10% miles per hour=

6.7x 10° miles (1 bedf | (1 mines
1 W 60 /m.i.m,rﬁ 60 seconds

_ 6.7 % 10° miles
3600 seconds

6.7
=(=—= | x 10°
< 3600)
~0.0019 x 10 rounded to two significant digits
=1.9x 107 x 10°

=1.9x 107*8
=19x 10’

Answer: The speed of light is approximately 1.9 X 10° miles per second.
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Example 16

The Sun moves around the center of the galaxy in a nearly circular orbit. The
distance from the center of our galaxy to the Sun is approximately 26,000 light-
years. What is the circumference of the orbit of the Sun around the galaxy in
meters?

Solution:

One light-year measures 9.46 x 10'° meters. Therefore, multiply this by
26,000 or 2.60 X 10* to find the length of 26,000 light years in meters.

(946 10"%) (2.60 x 10%) =9.46 - 2.60 x 10" - 10*

~24.6 x 10"
=2.46 x 10" - 10"
=2.46 x 10%

The radius r of this very large circle is approximately 2.46 X 10°° meters. Use
the formula C = 2zrto calculate the circumference of the orbit.

C=2rnr
~2(3.14) (246 x 10)
=15.4 x 10%
=1.54 x 10" - 10%
=1.54 x 10*!

Answer: The circumference of the Sun’s orbit is approximately 1.54 x 10°!
meters.
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Try this! Divide: (3.15x 107°) + (12x 107" .

Answer: 2.625 x 10’

(click to see video)

KEY TAKEAWAYS

When multiplying two quantities with the same base, add exponents:
XM . x" = xmin

When dividing two quantities with the same base, subtract exponents:
x" _ . m-n

— = x" ",

X

When raising powers to powers, multiply exponents: (x
When a grouped quantity involving multiplication and division is raised
to a power, apply that power to all of the factors in the numerator and

n
n n
the denominator: (xy) = x"y"and <§> = ;C)—,, .
Any nonzero quantity raised to the 0 power is defined to be equal to 1:
0 —
x'=1.
Expressions with negative exponents in the numerator can be rewritten

as expressions with positive exponents in the denominator:
xTh ==
Expressions with negative exponents in the denominator can be
rewritten as expressions with positive exponents in the numerator:
1 _ . m
P X .
Take care to distinguish negative coefficients from negative exponents.
Scientific notation is particularly useful when working with numbers

that are very large or very small.
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TOPIC EXERCISES
PART A: RULES OF EXPONENTS

Simplify. (Assume all variables represent nonzero numbers.)

1. 10% - 107
2. 73 .72
; 10% - 10*
100
75 . 79
4, 72
5 x3 x2
6. yS ')73
&
7.
@
b4 X blo
8. b8
; x2n .x3n
T
y X . xSn
’ x3n
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17.

18.

19.

20.

21,

22.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

(=5x2yz?) ’

(-20°2%)°

(x?2°)"

(xy2z3)2n

(x x3 -x2)3

(v -y y)

& - (d*)?
23. "
a-a - a
24. 3
(@)

2x +3)*(2x + 3)°

(By-1)"(3y-1)"

(a + b)3 (a + b)s

(r-2) " (x-2)°

5x2y - 3xy?

—10x3y? - 2xy

—6x°yz3 - 3xyz*

2xyz? (—4x%y?z)

3x"y?" . 5x2y

8x5nyn . 2x2ny
. 40x3y3z

| 4x2Zy2z
y 8X2y5Z3
" 16x2yz

1.5 Rules of Exponents and Scientific Notation
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47.

48.

49.

50.

51.

52.

24d8b° (a - 5b)"°

37. 3
8a45b> (a — 5b)

175m°n°(m + n)’
38.

25m8n(m + n)*
39. (—2x4y2z)6

(~51)°

(3x2y)
—5x 9

320
(2226’

(—3a4b200 )4

0

1.5 Rules of Exponents and Scientific Notation
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55, —2x 3
56. (—2x) 2
57. a4 -a‘5 -a?

58. b8 .p3 . p*

61. 10x 3y?
62. =3xOy~?
63. 3x 2y2z7!

64. —5x4y=2z%

1.5 Rules of Exponents and Scientific Notation
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3xy

(—SXOySZ)3
25y270

53.

70.

71.
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75.

76.

77.

78.

79.

80.

81.

82.

2
150xy8 22

72.
90x7y2z
—9a3p*c2
3a3b° ¢
—15d’b°¢8

3a-5b>c3

The value in dollars of a new mobile phone can be estimated by using

the formula V = 210(2¢ + 1)~ , where t is the number of years after
purchase.

How much was the phone worth new?

How much will the phone be worth in 1 year?

How much will the phone be worth in 3 years?

How much will the phone be worth in 10 years?

How much will the phone be worth in 100 years?

According to the formula, will the phone ever be worthless? Explain.

The height of a particular right circular cone is equal to the square of the

radius of the base, h = ¥ . Find a formula for the volume in terms of .

A sphere has a radius 7 = 3x 2 Find the volume in terms of x.

PART B: SCIENTIFIC NOTATION

83.

84.

85.

86.

Convert to a decimal number.

52 % 10®
6.02 x 10°
1.02 x 107°
7.44 x 1073

Rewrite using scientific notation.

1.5 Rules of Exponents and Scientific Notation
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87.

88.

89.

90.

91.

92
93

94

99.

100.

101.

102.

103.

104.

7,050,000
430,000,000,000
0.00005001

0.000000231

Perform the operations.

(12x10%) (3x10°)
(48x107°) (1.6 x 10%)
(9.1x10%) (3x10')
(55x%10") (7x107%)

9.6x 10'°
95, —}——48M8M8m
12x107%
4.8 x 10714
96, —m—8
2.4x107°
4%x1078
97, ——M
8 x 1010
2.3 %105
98, —m—8M8M8
92x 1073

987,000,000,000,000 x 23, 000, 000
0.00000000024 x 0.00000004
0.000000000522 + 0.0000009
81,000,000,000 <+ 0.0000648

The population density of Earth refers to the number of people per square mile
of land area. If the total land area on Earth is 5.751 X 10’ square miles and

the population in 2007 was estimated to be 6.67 X 10° people, then
calculate the population density of Earth at that time.

In 2008 the population of New York City was estimated to be 8.364 million
people. The total land area is 305 square miles. Calculate the population
density of New York City.
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105. The mass of Earthis 5.97 X 10%* kilograms and the mass of the Moon is

7.35 x 10?2 kilograms. By what factor is the mass of Earth greater than the
mass of the Moon?

106. The mass of the Sunis 1.99 x 103° kilograms and the mass of Earth is

5.97 x 10%* kilograms. By what factor is the mass of the Sun greater than
the mass of Earth? Express your answer in scientific notation.

107. The radius of the Sun is 4.322 X 10° miles and the average distance from

Earth to the Moon is 2.392 X 10° miles. By what factor is the radius of the
Sun larger than the average distance from Earth to the Moon?

108. One light year, 9.461 X 10 = meters, is the distance that light travels in a
vacuum in one year. If the distance from our Sun to the nearest star, Proxima

Centauri, is estimated to be 3.991 X 10 e meters, then calculate the
number of years it would take light to travel that distance.

109. It is estimated that there are about 1 million ants per person on the planet. If
the world population was estimated to be 6.67 billion people in 2007, then
estimate the world ant population at that time.

110. The radius of the earth is 6.3 X 106 meters and the radius of the sun is

7.0 X 108 meters. By what factor is the radius of the Sun larger than the
radius of the Earth?

111. A gigabyteis 1 X 10° bytes and a megabyte is 1 X 106 bytes. If the average
song in the MP3 format consumes about 4.5 megabytes of storage, then how
many songs will fit on a 4-gigabyte memory card?

112. Water weighs approximately 18 grams per mole. If one mole is about

6 x 10?3 molecules, then approximate the weight of each molecule of water.

PART C: DISCUSSION BOARD

113. Use numbers to show that (x + y) x4 y.
114. Why is 0 indeterminate?
115. Explain to a beginning algebra student why 2%2.2° * 43,

116. René Descartes (1637) established the usage of exponential form: &,a, and
so on. Before this, how were exponents denoted?
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ANSWERS

1. 101

11. X

13. x12y15

15, x3y12716

17. 25x4 2,6

19. x 2nynZSn

21. X It

23. d’

25, 2x +3)13
27. (a+b)8

20. 15x3y3

31. —18x3y?7’
33, 15x7+2y 21
35. 10x3y

37. 3 (a — 5b)°

39. 64x24 12,6

278 b°
dil, = —————
§1C916
16
p XY
le
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47.

49.

51.

53.

57.

59.

75.

77.

79.

81.

83.

85.

87.

— 20Vt

27x°y?

11

$210
$30
$1.04

_ 1 4
V’—-3 r
520,000,000

0.00000102

7.05 x 10°
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89.

91.

93.

95.

97.

99.

101.

103.

105.

107.

109.

111.

113.

115.

5.001 x 107>
3.6 x 101
2.73 x 103

8 x 10%

5x 1071
2.2701 x 10?2
58x107*

About 116 people per square mile
81.2

1.807

6.67 X 1015 ants

Approximately 889 songs
Answer may vary

Answer may vary
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1.6 Polynomials and Their Operations

LEARNING OBJECTIVES

1. Identify a polynomial and determine its degree.
2. Add and subtract polynomials.
3. Multiply and divide polynomials.

Definitions

A polynomial'"? is a special algebraic expression with terms that consist of real

number coefficients and variable factors with whole number exponents. Some
examples of polynomials follow:

3x2|7xy + 5 %x3+3x2—%x+16x2y—4xy3+7

The degree of a term'" in a polynomial is defined to be the exponent of the
variable, or if there is more than one variable in the term, the degree is the sum of
their exponents. Recall that x = 1; any constant term can be written as a product
of x¥ and itself. Hence the degree of a constant term is 0.

Term Degree
112. An algebraic expression
consisting of terms with real
number coefficients and 3x2 2
variables with whole number
exponents.

113. The exponent of the variable. If
there is more than one variable
in the term, the degree of the
term is the sum their
exponents.

6x2y| 2+1=3
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Term Degree
T4 b° 24+3=5
8 | 0,since 8 = 8x°
2x |1, since 2x = 2x!

The degree of a polynomial''* is the largest degree of all of its terms.

Polynomial

Degree

4x° = 3x3 +2x = 1

6x2y — 5xy> + 7 |4, because Sxy> has degree 4.
1 S 1. 1
2)C+4 1,becauseZX— X
114. The largest degree of all of its Of particular interest are polynomials with one variable''’, where each term is of
terms. the form a,x" . Here a,, is any real number and n is any whole number. Such

115. A polynomial where each term
has the form a,x", where aj,
is any real number and n is any
whole number.

1.6 Polynomials and Their Operations

polynomials have the standard form:
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X" + G X" g+ ap

Typically, we arrange terms of polynomials in descending order based on the
degree of each term. The leading coefficient''° is the coefficient of the variable
with the highest power, in this case, a,.

Example 1

Write in standard form: 3x — 4x? + 5x3 4+ 7 — 2x*.

Solution:

Since terms are defined to be separated by addition, we write the following:

3x — 4x2 + 5x3 +7 — 2x*
=3x+ (-Hx>+5°+7+ (-2)x*

In this form, we can see that the subtraction in the original corresponds to
negative coefficients. Because addition is commutative, we can write the terms
in descending order based on the degree as follows:

= (-D)x*+53 4+ (—DHx*+3x+7
= 2t +5x3 —4x® +3x+ 7

Answer: —2x* + 5x3 —4x2 +3x + 7

116. The coefficient of the term We classify polynomials by the number of terms and the degree:

with the largest degree.
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117

119

We can further classify polynomials with one variable by their degree:

117. Polynomial with one term.
118. Polynomial with two terms.

119. Polynomial with three terms.

1.6 Polynomials and Their Operations

Expression Classification Degree
5x7 Monomial (one term) 7
8x6 — 1 Binomial (two terms) 6
3x?+x-1 Trinomial (three terms) 2
5x3 — 2x2 + 3x — 6| Polynomial (many terms) | 3

Polynomial Name
5 Constant (degree 0)
2x + 1 Linear (degree 1)
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120. A polynomial with degree 0.
121. A polynomial with degree 1.
122. A polynomial with degree 2.

123. A polynomial with degree 3.

1.6 Polynomials and Their Operations

120

122

123

Polynomial

Name

3x2+5x-3

Quadratic (degree 2)

X Hxi+x+1

Cubic (degree 3)

Tx* +3x3 —7x+ 8

Fourth-degree polynomial

In this text, we call any polynomial of degree n > 4 an nth-degree polynomial. In
other words, if the degree is 4, we call the polynomial a fourth-degree polynomial.

If the degree is 5, we call it a fifth-degree polynomial, and so on.
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Example 2

State whether the following polynomial is linear or quadratic and give the
leading coefficient: 25 + 4x — x2.

Solution:

The highest power is 2; therefore, it is a quadratic polynomial. Rewriting in
standard form we have

—x? +4x + 25

Here —x? = —1x? and thus the leading coefficient is -1.

Answer: Quadratic; leading coefficient: -1

Adding and Subtracting Polynomials

We begin by simplifying algebraic expressions that look like + (a + b) or
- (a + b) .Here, the coefficients are actually implied to be +1 and -1 respectively

and therefore the distributive property applies. Multiply each term within the
parentheses by these factors as follows:

+(a+b)=+1(a+b)=(+Da+ (+D)b=a+b
— (a+b)=—1 (a+b)=(—1)a+ (-)b=—a-b

Use this idea as a means to eliminate parentheses when adding and subtracting
polynomials.
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Example 3
Add: 9x? + (x? = 5).
Solution:

The property + (a + b) = a + ballows us to eliminate the parentheses, after
which we can then combine like terms.

9x? + (x2 —5)=9x2 +x* =5

=10x%> -5

Answer: 10x2 = 5
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Example 4
Add: (3x2y? —4xy +9) + (2x%y? —6xy — 7).
Solution:

Remember that the variable parts have to be exactly the same before we can
add the coefficients.

(3)62)12 —4xy + 9) + (2x2y2 — bxy — 7)
=3x%y? —4dxy + 9 +2x%y* —6xy — 7

= 5x2y? — 10xy + 2

Answer: 5x2y? — 10xy + 2

When subtracting polynomials, the parentheses become very important.
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Example 5

Subtract: 4x2 — (3x2 + 5x) .
Solution:

The property — (a + b) = —a — ballows us to remove the parentheses after
subtracting each term.

4x? — (3)62 + Sx) =4x% — 3x? — 5x

=x> —5x

Answer: x2 — 5x

Subtracting a quantity is equivalent to multiplying it by -1.
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Example 6
Subtract: (3x2 - 2xy + y2) - (2)C2 — Xy + 3y2) .
Solution:

Distribute the -1, remove the parentheses, and then combine like terms.
Multiplying the terms of a polynomial by -1 changes all the signs.

<~~~

(3x272xy+y2)7(2x27xy+3y2)

=3x% — 2xy + y% — 2x% 4+ xy — 3y?

=x? —xy —2y°

Answer: x 2

— xy — 2y?
Try this! Subtract: (7a* — 2ab + b*) — (& — 2ab + 5b%) .

Answer: 6 — 4b*

(click to see video)

Multiplying Polynomials

Use the product rule for exponents, x™ - x" = x*"  to multiply a monomial times
a polynomial. In other words, when multiplying two expressions with the same
base, add the exponents. To find the product of monomials, multiply the
coefficients and add the exponents of variable factors with the same base. For
example,
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Tx* - 8x>=7-8-x* - x3 Commutative property
=56x*3 Product rule f or exponents
=56x’

To multiply a polynomial by a monomial, apply the distributive property, and then
simplify each term.

Example 7

Multiply: Sxy? (2x2y2 —xy + 1) .

Solution:

Apply the distributive property and then simplify.

AN

Sxy’ (Zny2 =gy 1)

=5xy? - 2xzy2 — 5xy? - xy + 5xy? - 1
=10x3y* — 5x%y% + 5xy?

Answer: 10x3y* — 5x2y3 4 5xy?

To summarize, multiplying a polynomial by a monomial involves the distributive
property and the product rule for exponents. Multiply all of the terms of the
polynomial by the monomial. For each term, multiply the coefficients and add
exponents of variables where the bases are the same.
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In the same manner that we used the distributive property to distribute a
monomial, we use it to distribute a binomial.

(a+b) (c+d)=(a+b)~c+(a+b)-d
=ac + bc + ad + bd
=ac + ad + bc + bd

Here we apply the distributive property multiple times to produce the final result.
This same result is obtained in one step if we apply the distributive property to a
and b separately as follows:

AN
(a+b)c+d)=ac+ad+bc+bd
A

This is often called the FOIL method. Multiply the first, outer, inner, and then last
terms.

1.6 Polynomials and Their Operations 169



Chapter 1 Algebra Fundamentals

Example 8
Multiply: (6x — 1) (3x—35).
Solution:

Distribute 6x and -1 and then combine like terms.

(6x—1) (3x=5)=6x-3x—6x-5+ (=1)-3x— (-1)-5
=18x> —=30x —3x +5
=18x* - 33x+5

Answer: 18x2 —33x+ 5

Consider the following two calculations:

(a+bY=(a+b) (a+b) |(a=bf=(a—b) (a—b)

=d® + ab + ba + b* =& — ab — ba + b*
=& +ab + ab + b* =a> —ab — ab + b*
= + 2ab + b* =& — 2ab + b*

This leads us to two formulas that describe perfect square trinomials'**:

124. The trinomials obtained by
squaring the binomials

(a+b)’ =& +2ab+ b

and

(a —b)’ =& —2ab+ b
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(a+b) =@ +2ab+ b’
(a—bY = —2ab+ b

We can use these formulas to quickly square a binomial.

Example 9
Multiply: (3x +5 )2.

Solution:

Here a = 3xand b = 5. Apply the formula:

(a+b)f= & + 2a-b + b

0 &4 0

(3x+5)" =(3x)"+ 2-(3x)(5) + (5)
=9x> +30x+25

Answer: 9x2 + 30x + 25

This process should become routine enough to be performed mentally. Our third
special product follows:

(a+b) (a—b)zaz—ab+ba—b2
=& —ab+ab — b*
=a - b*

This product is called difference of squares'**:

125. The special product obtained
by multiplying conjugate
binomials — 2
a+b) (a-b)=d —b
(a+b) (a—b) =d —bf. ( A )

1.6 Polynomials and Their Operations
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The binomials (a + b) and (a — b) are called conjugate binomials'*, When

multiplying conjugate binomials the middle terms are opposites and their sum is
zero; the product is itself a binomial.

Example 10
Multiply: (3xy + 1) (3xy — 1) .

Solution:

(3xy+ 1) (3xy — 1)=(3xy)2 — 3xy + 3xy — 12
=9x2y? — 1

Answer: 9x%y? — 1

Try this! Multiply: (x2 + 5y2) (x2 - 5y2) .

Answer: (x4 — 25y4)

(click to see video)

126. The binomials (a + b) and

(a—b).

1.6 Polynomials and Their Operations 172


http://www.youtube.com/v/p7R3FdPp6_s

Chapter 1 Algebra Fundamentals

Example 11
Multiply: (5x — 2)3.
Solution:

Here we perform one product at a time.

(5x-2)" =(5x-2) (5x—2)(5x-2)
NS St
Multiply first
=(5x-2)(25x* ~10x~10x +4)
=(5x-2)(25x* - 20x +4)
=125x° —100x7 +20x — 50x> + 40x — 8
=125x° —150x> + 60x — 8

Answer: 125x% — 150x2 + 60x — 8

Dividing Polynomials

Use the quotient rule for exponents, £ = X" todivide a polynomial by a
X

monomial. In other words, when dividing two expressions with the same base,
subtract the exponents. In this section, we will assume that all variables in the
denominator are nonzero.
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Example 12

24x7y3
Divide: —— .
8x3y2

Solution:

Divide the coefficients and apply the quotient rule by subtracting the
exponents of the like bases.

24x7y> _24 13552
8x3y2 3
=3x4y3

Answer: 3x*y3

When dividing a polynomial by a monomial, we may treat the monomial as a

common denominator and break up the fraction using the following property:

a+b_a b
c ¢ ¢

Applying this property will result in terms that can be treated as quotients of
monomials.

1.6 Polynomials and Their Operations
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Example 13

—5x*4+25x3—15x2
5x2

Divide:
Solution:

Break up the fraction by dividing each term in the numerator by the monomial
in the denominator, and then simplify each term.

—5x* 4+ 25x3 — 15x2 5x4 25x3 15x2

= — + —
5x2 5x2 5x2 5x2
5 25 15
=-2 42 = 32 _ - 422

=—1x? +5x' = 3x°

=—x>4+5x-3-1

Answer: —x2 + 5x — 3

We can check our division by multiplying our answer, the quotient, by the
monomial in the denominator, the divisor, to see if we obtain the original
numerator, the dividend.

. _5,.4 3_ 2
= Quotient ox +255’“2 X" — 2 45y —
X

Dividend
Divisor

or or
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Dividend = Divisor - Quotien] —5x* + 25x3 — 15x? = 5x? (—x2 +5

The same technique outlined for dividing by a monomial does not work for
polynomials with two or more terms in the denominator. In this section, we will
outline a process called polynomial long division'*’, which is based on the division
algorithm for real numbers. For the sake of clarity, we will assume that all
expressions in the denominator are nonzero.

127. The process of dividing two
polynomials using the division
algorithm.
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Example 14

x34+3x2—8x—4

Divide:
x—2

Solution:

Here x — 2 is the divisor and x> + 3x2 — 8x — 4 is the dividend. To determine

the first term of the quotient, divide the leading term of the dividend by the
leading term of the divisor.

2

x=2)x*+3x* —8x—4 We begin by dividing the leading terms.

2
x3+x:x'

Multiply the first term of the quotient by the divisor, remembering to
distribute, and line up like terms with the dividend.

\,3

x=2)x +3x* -8x-4 Distribute and line up like terms.

X -2x° x*(x-2)=x"-2x*

Subtract the resulting quantity from the dividend. Take care to subtract both
terms.

e

x—-2)x" +3x -8x—4 Subtract.

—(x3—2xz) —(x"—2,\’2)=—x3+2x2

5x°

Bring down the remaining terms and repeat the process.

x“ 2

x—2)x* +3x" —8x—4 Bring down the remaining terms.

—(x3 —2x2)

5x° —8x—4

Notice that the leading term is eliminated and that the result has a degree that
is one less. The complete process is illustrated below:

1.6 Polynomials and Their Operations
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X+ 5x+2

x—=2)x*+3x> —8x—4

Polynomial long division ends when the degree of the remainder is less than
the degree of the divisor. Here, the remainder is 0. Therefore, the binomial
divides the polynomial evenly and the answer is the quotient shown above the
division bar.

X3 +3x2-8x—4

2
=x"+5x+2
P X X

To check the answer, multiply the divisor by the quotient to see if you obtain
the dividend as illustrated below:

X +3x2—8x—4= (x=2) (x2+5x+2)

This is left to the reader as an exercise.

Answer: x2 + 5x + 2

Next, we demonstrate the case where there is a nonzero remainder.

Quotient

Divisor ) Dividend

Remainder
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Just as with real numbers, the final answer adds to the quotient the fraction where

the remainder is the numerator and the divisor is the denominator. In general,
when dividing we have:

Dividend

Remainder
Divisor

= Quotient + —
Divisor

If we multiply both sides by the divisor we obtain,

Dividend = Quotient X Divisor + Remainder

1.6 Polynomials and Their Operations
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Example 15

2_
Divide; &-=3x+3
2x—1

Solution:

Since the denominator is a binomial, begin by setting up polynomial long
division.

2

2x—1)6x* —5x+3

To start, determine what monomial times 2x — 1 results in a leading term 6x2

This is the quotient of the given leading terms: (6x2) + (2x) = 3x. Multiply

3x times the divisor 2x — 1, and line up the result with like terms of the
dividend.

3x

2x—1)6x* —5x+3

6x” —3x

Subtract the result from the dividend and bring down the constant term +3.

3x ?

2x—1)6x* —5x+3
—(6x2—3x)
—2x+3

Subtracting eliminates the leading term. Multiply 2x — 1 by -1 and line up the
result.

3x-1

2x—1)6x% —5x+3
—(6x2—3x)

—-2x+3

—2x+1

Subtract again and notice that we are left with a remainder.

1.6 Polynomials and Their Operations
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2x—1W53;+3]
—(6x2 —3x)

=seArd)

—(—2x+1)

2

The constant term 2 has degree 0 and thus the division ends. Therefore,

6x> -5 3
%=3X—1+

2x — 1

To check that this result is correct, we multiply as follows:

quotient X divisor + remainder=3x - 1)2x—-1) + 2

=6x> —3x—2x+1 + 2
=6x% —5x+ 2 = dividend

Answer: 3x — 1 4+ =2

2x—1

Occasionally, some of the powers of the variables appear to be missing within a
polynomial. This can lead to errors when lining up like terms. Therefore, when first

learning how to divide polynomials using long division, fill in the missing terms
with zero coefficients, called placeholders'*®.

128. Terms with zero coefficients
used to fill in all missing
exponents within a polynomial.

1.6 Polynomials and Their Operations
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Example 16

27x3+64

Divide: o

Solution:

Notice that the binomial in the numerator does not have terms with degree 2 or
1. The division is simplified if we rewrite the expression with placeholders:

27x> 4+ 64 = 27x> + 0x? + Ox + 64

Set up polynomial long division:

9

3x+4)27x° +0x* +0x + 64

We begin with 27x> <+ 3x = 9x? and work the rest of the division algorithm.

9x* —12x+16

3x+4) 27x° +0x* +0x+ 64

—(27x° +36x7)
—36x"+ Ox+64
~(-36x" —48x)
48x+64
—(48x +64)
0

Answer: 9x2 — 12x + 16
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Example 17

3x*—2x34+6x2+23x—7

Divide: i we

Solution:

2

Xt —2x+ 5)3x“ 220 +6x2+23x—7

Begin the process by dividing the leading terms to determine the leading term
of the quotient 3x* = x? = 3x?. Take care to distribute and line up the like
terms. Continue the process until the remainder has a degree less than 2.

3x% + 4x -1
¥ —2x+5)3x‘ 2% +6x7 +23x—7

-(3x* - 6x* +15¢%)
4y’ —9x* +23x-7
—(4x 82" +20x)
B
—(—x2 + 2x—5)
x-2

The remainder is x — 2. Write the answer with the remainder:

3x* — 2% +6x% +23x -7 2 x—2
=3x* +4x— 1 + ———
x2—-2x+5 x2—-2x+5

x—2

. 2) _ _x=2
Answer: 3x° +4x — 1 + i

Polynomial long division takes time and practice to master. Work lots of problems
and remember that you may check your answers by multiplying the quotient by the
divisor (and adding the remainder if present) to obtain the dividend.
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6x*=13x349x2—14x46

ol Tyieridas
Try this! Divide: T

2

Answer: 2x> —3x2 +x —4 — g
x—2

(click to see video)

KEY TAKEAWAYS

« Polynomials are special algebraic expressions where the terms are the
products of real numbers and variables with whole number exponents.

* The degree of a polynomial with one variable is the largest exponent of
the variable found in any term. In addition, the terms of a polynomial
are typically arranged in descending order based on the degree of each
term.

« When adding polynomials, remove the associated parentheses and then
combine like terms. When subtracting polynomials, distribute the -1,
remove the parentheses, and then combine like terms.

« To multiply polynomials apply the distributive property; multiply each
term in the first polynomial with each term in the second polynomial.
Then combine like terms.

¢« When dividing by a monomial, divide all terms in the numerator by the
monomial and then simplify each term.

« When dividing a polynomial by another polynomial, apply the division
algorithm.
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TOPIC EXERCISES
PART A: DEFINITIONS

Write the given polynomials in standard form.

. 1—x—x?
2. y—=5+4y?
3. y—3y2 +5—y3

. 8— 12 +d —a
2 —x2 +6x—5x3 +x*¢
6. @ — S+ +2d —a@ + 6a

&

Classify the given polynomial as a monomial, binomial, or trinomial
and state the degree.

7. X2 —x+2

8. 5—10x3

9. x2y2 +5xy -6
10. —2x3y?

1. x4 =1

12. 5

State whether the polynomial is linear or quadratic and give the
leading coefficient.

13. 1 —9x?2

14. 10x2
15. 2x — 3
16. 100x

17. 5x2 +3x—1
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18. x — 1
19. x — 6 — 2x2
20. 1 —5x

PART B: ADDING AND SUBTRACTING POLYNOMIALS

Simplify.

21. (5x2 —3x—2) + (2x2 —6x+7)

22. (x +7x—12) 2x2—x+3>

N N N

23. (x +5x+10) x2—10)

20. (x2=1)+ (4x+2)

25. (10x2 + 3x — )— (x —6x+1)

26. (x° —3x— )— (2x2—3x—8)

x2+—x—1)— (Lx2+%x—%)

27/ 6

28.

29. (x2y% + Txy — 5) (2x + 5xy—4

31. (b +5ab—2) + (7ab—2) - (4-d*D°)

32. (& +9ab— 6b*) — (& — b*) + Tab

33. (10x2y — 8xy + 5xy?) — (x%y —4xy) + (xy? + 4xy)

34, (2m?n — 6mn + 9mn ) — (mzn + lOmn) —m?n

35. (8x2y? — 5xy + 2) (xzy2 + 5) + (ny — 3)

36. (x2 — ) ( —2xy—y2) — (x2 —7xy)

(="
(+*
(
(
(
(
(
(
30. (x? —y?) — (x2 +6xy+y?)
(
(
(
(
(
(
(

37. (¢ —2ab+3b°) - (32 +2b°)+ K ab
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38.

39.

40.

41.

42.

43.

44.

(357 -27) - (3% - 30+ 5y%) - 30
(2" +5x" =2) + (2" =3x" - 1)

(722 —x" +5) = (6x2 —x" — 8)

subtract 4y — 3 fromy? + 7y — 10.

Subtract X2 + 3x — 2 from 2x 2% + 4x — 1.

A right circular cylinder has a height that is equal to the radius of the base,
h = r.Find a formula for the surface area in terms of h.

A rectangular solid has a width that is twice the height and a length that is 3
times that of the height. Find a formula for the surface area in terms of the
height.

PART C: MULTIPLYING POLYNOMIALS

45,

46.

47.

48.

49.

50.

51.

52.

53.

55.

56.

Multiply.
—8x2 - 2x
—10x2y - 5x3y?
2x (5x— 1)
—4x (3x - 5)
Ix? (2x - 6)

—3x2 (x2 — X+ 3)
—Sy* (y2 — 2y + 3)
2 & (24d® — 6a + 4)
2xy (x2 — Txy + y2)
s4. —2a°b (a® — 3ab + 5b)
x" (x2 +x + 1)

x" (xZ” —x" - 1)
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5. (x+4) (x—5)

58. (x —7) (x—6)

50. (2x —3) (Bx — 1)
60. (9x + 1) (3x +2)
61. (3x2 —y?) (x% —5y?)
62. (

63. (

6a. (

6. (= %) ( +b%)
66. (

67. (

6s.

6. (

70. 2x—T7) (3x? —x+1)

7. (x +7x—1) (2x? =3x - 1)
72. (4x* —x+6) (5x? —4x - 3)
7. (x+8)°
74. (x = 3)
7. (2x-5)°
76. Bx + 1)
7. (a = 3b)°

78. (7a — b)2
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79. (x2 +2y2)2
80. (x2 —-6y)2
8L<f—a+5f
82. (x2 —3x— 1)2
83. (x —3)°
84. (x+2)°
85. (3x+1)°
86. (2x — 3)3
87. (x +2)*
8s. (x — 3)*
89. (2x — 1)4
9. 3x—1)*
91. (x2” +—5) (x2" —-5)
92. (x” — 1) (xZ” + 4x" — 3)
93. (xZ” —-1)2
94, (x3” +1)2
95. Find the product of 3x — 2 and x 2 — S5x — 2.
96. Find the product of x> + 4and x> — 1.
97. Each side of a square measures 3x > units. Determine the area in terms of x.

98. Each edge of a cube measures 2x 2 units. Determine the volume in terms of x.

PART D: DIVIDING POLYNOMIALS

Divide.

125x°y?

99.
25x4y?
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256x2y37°
64x2yz2
20x3 — 12x2 + 4x

100.

101.
4x
15x% — 75x3 + 18x2

102.

3x2
. 12a%b + 28ab* — 4ab
’ 4ab
—24*b* + 1642b* + 8ab’
104.
2ab?
x3+x2=3x+9
105.
x+3
x3 —4x2 —9x +20
106.
x_
0 6x3 —11x2 +7x—6
7.
2x — 3
108 Ox3 —9x%2 —x+1
' 3x — 1
. 16x3 + 8x%2 —39x + 17
' 4dx — 3
o 12x3 — 56x2 + 55x + 30
i 2x—35
" 6x% +13x> =92 —x+6
' 3x 4+ 2
25x% = 10x3 + 11x2 = Tx + 1
112.
Sx—1
" 20x% + 12x3 +9x2 + 10x + 5
‘ 2x + 1
i 25x% — 45x3 — 26x2% + 36x — 11
' S5x =2
It +x2 -1
115.
x—-2
xt+x-3
116, ——M8M8M8M88
x+3
" x3 =10
7.
x—-2
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1109.

120.

x*—4dx3 +6x2 =Tx—1

x2 —x+42
6x4 +x3 —2x2 +2x + 4

3x2 —x+1
2x3 —Tx%2 +8x-3

x2 —2x+1
2x4 +3x3 —6x%2 —4x+3

x2+x-3
x* +4x3 —2x% —4x + 1
x2 -1
xt+x—1
x2+1
x3 4 6x2y + 4xy? — y3
X+y
2x3 — 3x%y + 4xy? — 3y3
X =Y
84 — b’

2a — b
@ + 27b°

a+ 3b
131. Find the quotient of 10x% — 11x 4 3 and2x — 1.

121.

122.

123.

124.

125.

126.

127.

128.

129.

130.

132. Find the quotient of 12x%2 +x — 11 and 3x — 2.
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ANSWERS

1. —x2—x+1

5. —y3 =3y +y+5

5. x* —5x3 —x? +6x+2

7. Trinomial; degree 2

9. Trinomial; degree 4

11. Binomial; degree 4

13. Quadratic, -9

15. Linear, 2

17. Quadratic, 5

19. Quadratic, -2

21. 7x2 —9x+5

23. 2x% + 5x

25. 9x%2 +9x -3
2

1 7
27.236 4X

1

2

20, —x2y% + 2xy — 1

31. 2a°b* + 12ab — 8

33. 9x2y + 6xy2

35. Tx2y2 —3xy—6

37. =3 & — 2ab— o b’
39, 3x2" +2x" — 3

. y2 +3y—7

43. SA = 4zh*

45, —16x3
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47.
49.
51.
53.
55.
57.
59.
61.
63.
65.
67.
69.
71.
73.
75.
77.
79.
81.
83.
85.
87.
89.
91.

93.

1.6 Polynomials and Their Operations

10x% — 2x

14x3 — 42x2

—5y% 4+ 10y°> — 15y°

2x3y — 14x2%y? + 2xy3

x 2 4o+l yen
x2—-x-20

6x2 —11x+3

3x% — 16x2y? + 5y*

Ox2 — 25

ad —b*

12x3 — 15x2y? — 4xy + 5y3
x3 —8x2% 4+ 23x — 40

264+ 11x3 — 24x2 — 4x + 1
x? + 16x + 64

4x% — 20x + 25

@ — 6ab + 9b*

x4+ 4x2y? + 4y?

a* —2a’ + 11la — 10a + 25
x3 —9x? +27x - 27

27x3 +27x% + 9x + 1

x4 +8x3 +24x2 + 32x + 16
16x* — 32x3 + 24x? — 8x + 1
x4 — 25

x4 —2x2n 41
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95.

97.

99.

101.

103.
105.
107.
109.
111.

113.
115.
117.

119.

123.
125.
127.

129.

131.

1.6 Polynomials and Their Operations

3x3 = 17x2 +4x + 4

Ox ¢ square units

5x

5x%2 —3x+ 1
3a+7b -1

x2—2x+3
3x2 —x+2

4x2 +5x— 6 —

1
4x-3
2x3 +3x2 —=5x+3

3 2 2
10x° + x +4x+3+m

3x3+6xz+13x+26+)65_—12
x2+2x+4—ﬁ

yi=yi4yt—y+1

121. x2—3x+1—;
x2 —x+2
2x—13
x2+4x -1
xz+5xy—y2
A + 2ab + b?
5x—=3
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1.7 Solving Linear Equations

129.

130.

131.

Statement indicating that two
algebraic expressions are
equal.

An equation that can be
written in the standard form
ax + b = 0, whereaand b
are real numbers and a # 0.

Any value that can replace the
variable in an equation to
produce a true statement.

LEARNING OBJECTIVES

1. Use the properties of equality to solve basic linear equations.

2. Identify and solve conditional linear equations, identities, and
contradictions.

3. Clear fractions from equations.

4, Setup and solve linear applications.

Solving Basic Linear Equations

An equation'” is a statement indicating that two algebraic expressions are equal. A
linear equation with one variable'”, x, is an equation that can be written in the
standard form ax + b = Owhere a and b are real numbers and a # 0.For example,

3x-12=0

A solution'*' to a linear equation is any value that can replace the variable to

produce a true statement. The variable in the linear equation 3x — 12 = O is x and
the solution is x = 4. To verify this, substitute the value 4 in for x and check that
you obtain a true statement.

3x — 12=0
3(4) — 12=0
12 - 12=0
0=0 +

Alternatively, when an equation is equal to a constant, we may verify a solution by
substituting the value in for the variable and showing that the result is equal to that
constant. In this sense, we say that solutions “satisfy the equation.”
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Example 1
Isa=— %a solutionto —10a + 5 = 25?
Solution:

Recall that when evaluating expressions, it is a good practice to first replace all
variables with parentheses, and then substitute the appropriate values. By
making use of parentheses, we avoid some common errors when working the
order of operations.

1
—10a+5=—10<—5>+5=5+5=107$25 X

Answer: No,a = — %does not satisfy the equation.

Developing techniques for solving various algebraic equations is one of our main
goals in algebra. This section reviews the basic techniques used for solving linear
equations with one variable. We begin by defining equivalent equations'*” as

equations with the same solution set.

3x-5=16
3x =21 Equivalent equations
x=7
132. Equations with the same
solution set.
133. Properties that allow us to Here we can see that the three linear equations are equivalent because they share

Obt‘i‘in equivalen,t equationsby | the same solution set, namely, {7}. To obtain equivalent equations, use the following
adding, subtracting,

multiplying, and dividing both | Properties of equality'*’. Given algebraic expressions A and B, where c is a nonzero

sides of an equation by number:
nonzero real numbers.
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Addition property of

. |IfA=B, thenA + c=B + ¢
equality:

Subtraction property of

. |IfA=B, thenA —c=B—-c
equality:

Multiplication property of

... |IfA =B, then cA = cB
equality:

Division property of

' °"|IfA = B, then &
equality: c

o |®

Note: Multiplying or dividing both sides of an equation by 0 is carefully avoided.
Dividing by 0 is undefined and multiplying both sides by 0 results in the equation 0
=0.

We solve algebraic equations by isolating the variable with a coefficient of 1. If
given a linear equation of the form ax + b = ¢, then we can solve it in two steps.
First, use the appropriate equality property of addition or subtraction to isolate the
variable term. Next, isolate the variable using the equality property of
multiplication or division. Checking the solution in the following examples is left to
the reader.
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Example 2
Solve: 7x — 2 = 19.

Solution:

7x—2=19
Tx—2 + 2=19 + 2 Add?2toboth sides.
Tx=21
77)6 = % Divide both sides by 7.
x=3

Answer: The solution is 3.
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Example 3

Solve: 56 = 8 + 12y.

Solution:

When no sign precedes the term, it is understood to be positive. In other words,
think of this as 56 = +8 + 12y. Therefore, we begin by subtracting 8 on both
sides of the equal sign.

56— 8=8 + 12y — 8

48=12y

48 12y

2 12
4=y

It does not matter on which side we choose to isolate the variable because the
symmetric property'** states that 4 = y is equivalent to y = 4.

Answer: The solution is 4.

134. Allows you to solve for the
variable on either side of the
equal sign, because X = 5is
equivalent to 5 = x.
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Example 4
Solve: %x + 2 = —8.
Solution:

Isolate the variable term using the addition property of equality, and then
multiply both sides of the equation by the reciprocal of the coefficient % .

5
§X+ 2=—8
5
3 x+2—-2=-8-2 Subtract 2 on both sides.
5
E)C:—IO
35 3 ;7 3
- =—Xx=— (71'(Y> Multiply both sides by — .
5 3 /5/ 5
Ix=3- (-2)
x=-6

Answer: The solution is -6.

In summary, to retain equivalent equations, we must perform the same operation
on both sides of the equation.
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is! .2 1__3
Try this! Solve: 5 x + 3 <

Answer: x = —2

(click to see video)

General Guidelines for Solving Linear Equations

Typically linear equations are not given in standard form, and so solving them
requires additional steps. When solving linear equations, the goal is to determine
what value, if any, will produce a true statement when substituted in the original
equation. Do this by isolating the variable using the following steps:

« Step 1: Simplify both sides of the equation using the order of
operations and combine all like terms on the same side of the equal
sign.

+ Step 2: Use the appropriate properties of equality to combine like
terms on opposite sides of the equal sign. The goal is to obtain the
variable term on one side of the equation and the constant term on the
other.

+ Step 3: Divide or multiply as needed to isolate the variable.

« Step 4: Check to see if the answer solves the original equation.

We will often encounter linear equations where the expressions on each side of the
equal sign can be simplified. If this is the case, then it is best to simplify each side
first before solving. Normally this involves combining same-side like terms.

Note: At this point in our study of algebra the use of the properties of equality
should seem routine. Therefore, displaying these steps in this text, usually in blue,
becomes optional.
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Example 5
Solve: —4a+2 —a = 1.
Solution:

First combine the like terms on the left side of the equal sign.

—4da+2—-a=1 Combine same-side like terms.
—Sa+2=1 Subtract 2 on both sides.
—Sa=-1 Divide both sides by — 5.
-1 1
== =3

1 1
—4a+2—a=—4<§>+2—§
4 2 5 1
= 5t1'5°753
_—4+10+1
B 5
5

Answer: The solution is % )

Given a linear equation in the form ax + b = cx + d, we begin the solving process
by combining like terms on opposite sides of the equal sign. To do this, use the
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addition or subtraction property of equality to place like terms on the same side so
that they can be combined. In the examples that remain, the check is left to the
reader.

Example 6
Solve: =2y — 3 = 5y + 11.
Solution:

Subtract Sy on both sides so that we can combine the terms involving y on the

left side.

-2y —3 —-5y=5y+11 -5y
-7y -3=11

From here, solve using the techniques developed previously.

Ty —3=11 Add 3 to both sides.

-7y =14
14 . .
y=— Divide both sides by — 7.
y= -2

Answer: The solution is -2.

Solving will often require the application of the distributive property.
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Example 7
Solve: — 2 (10x —2)+3 =7 (1 — 2x).
Solution:

Simplify the linear expressions on either side of the equal sign first.

1
) (10x =2)+3=7(1 - 2x) Distribute.

—Sx+1+3=7- 14x Combine same-side like terms.

—Sx+4=7 - 14x Combine opposite-side like terms.

9x=3 Solve.
3 1
X=— = —
9 3

Answer: The solution is % )
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Example 8
Solve:5(3 —a) —2 (5 —2a) = 3.
Solution:

Begin by applying the distributive property.

5(3—a)—2(5—2a)=3
15-5a—-10+4a=3
5—a=3

— ==

Here we point out that —a is equivalent to —14; therefore, we choose to divide

both sides of the equation by -1.

—a = -2
—la -2
-1 -1
a=2
Alternatively, we can multiply both sides of —a = —2by negative one and
achieve the same result.
—a = -2
(=D (=a) = (=1 (=2)
a=2

1.7 Solving Linear Equations
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135. Equations that are true for
particular values.

136. An equation that is true for all
possible values.

137. An equation that is never true
and has no solution.

1.7 Solving Linear Equations

Answer: The solution is 2.

Try this! Solve: 6 — 3 (4x — 1) = 4x - 7.

Answer: x = 1

(click to see video)

There are three different types of equations. Up to this point, we have been solving
conditional equations'*. These are equations that are true for particular values.
An identity"° is an equation that is true for all possible values of the variable. For
example,

x = x Identity

has a solution set consisting of all real numbers, R. A contradiction"’ is an
equation that is never true and thus has no solutions. For example,

x+1=x Contradiction

has no solution. We use the empty set, @, to indicate that there are no solutions.

If the end result of solving an equation is a true statement, like 0 = 0, then the
equation is an identity and any real number is a solution. If solving results in a false
statement, like 0 = 1, then the equation is a contradiction and there is no solution.
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Example 9

Solve:4 (x +5) + 6 =2(2x + 3).

Solution:

4x +5)+6=22x + 3)
4x+20+6=4x+6
4x +26=4x+ 6
26=6 x

Solving leads to a false statement; therefore, the equation is a contradiction and
there is no solution.

Answer: @
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Example 10
Solve:3 (3y +5) +5 =10 (y+2) — .

Solution:

3By +5)+5=100+2)—y
9 +15+5=10y+20 -y
9y +20=9y + 20
9y=9y
0=0 v

Solving leads to a true statement; therefore, the equation is an identity and any
real number is a solution.

Answer: R

The coefficients of linear equations may be any real number, even decimals and
fractions. When this is the case it is possible to use the multiplication property of
equality to clear the fractional coefficients and obtain integer coefficients in a
single step. If given fractional coefficients, then multiply both sides of the equation
by the least common multiple of the denominators (LCD).
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Example 11

.1 DI
Solve.3x+5—5x 1.

Solution:

Clear the fractions by multiplying both sides by the least common multiple of
the given denominators. In this case, it is the LCD (3, 5) = 15.

1 1
15 - <§x+ §>=15- (Ex—1> Multiply both sides by 15.
151+151151 151 Simplif
3x 5= 5x implify.
Sx+3=3x-15 Solve.
2x=-18
—18
=——=-9
=7

Answer: The solution is -9.

It is important to know that this technique only works for equations. Do not try to
clear fractions when simplifying expressions. As a reminder:

Expression Equation

=
=
+
W |
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We simplify expressions and solve equations. If you multiply an expression by 6,
you will change the problem. However, if you multiply both sides of an equation by
6, you obtain an equivalent equation.

Incorrect Correct
1 5 1 5_
2%+ 3 7x+3=0
1 5
#6- (yx+3)6- (7x+73)=6
=3x+10 « 3x+ 10=0 v

Applications Involving Linear Equations

Algebra simplifies the process of solving real-world problems. This is done by using
letters to represent unknowns, restating problems in the form of equations, and by
offering systematic techniques for solving those equations. To solve problems using
algebra, first translate the wording of the problem into mathematical statements
that describe the relationships between the given information and the unknowns.
Usually, this translation to mathematical statements is the difficult step in the
process. The key to the translation is to carefully read the problem and identify
certain key words and phrases.

Key Words Translation

Sum, increased by, more than, plus, added to, total +

Difference, decreased by, subtracted from, less, minus | -
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Key Words

Translation

Product, multiplied by, of, times, twice

Quotient, divided by, ratio, per

Is, total, result

When translating sentences into mathematical statements, be sure to read the

sentence several times and parse out the key words and phrases. It is important to
first identify the variable, “let x represent...” and state in words what the unknown
quantity is. This step not only makes our work more readable, but also forces us to

think about what we are looking for.
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Example 12

When 6 is subtracted from twice the sum of a number and 8 the result is 5. Find
the number.

Solution:

Let n represent the unknown number.

"6 is

"the s%m of ad g subtracted
e s n  number an rom" ", is"
twice . fi 7 e‘f_‘,’i{ ]
2. (n+8) -6 = 5

To understand why we included the parentheses in the set up, you must study
the structure of the following two sentences and their translations:

“twice the sum of a number and 8” |2 (n + 8)

“the sum of twice a number and 8" | 2n + 8

The key was to focus on the phrase “twice the sum,” this prompted us to group
the sum within parentheses and then multiply by 2. After translating the
sentence into a mathematical statement we then solve.
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Check.

2(n+8)—6=5
2n+ 16 — 6=5
2n + 10=5

2n=-5

-5

"=

2(n+8)—6=2<—%+8>—6

Answer: The number is — 2 .

2

General guidelines for setting up and solving word problems follow.

Step 1: Read the problem several times, identify the key words and
phrases, and organize the given information.

Step 2: Identify the variables by assigning a letter or expression to the
unknown quantities.

Step 3: Translate and set up an algebraic equation that models the

Step 4: Solve the resulting algebraic equation.
Step 5: Finally, answer the question in sentence form and make sure it
makes sense (check it).
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For now, set up all of your equations using only one variable. Avoid two variables by
looking for a relationship between the unknowns.

1.7 Solving Linear Equations 214



Chapter 1 Algebra Fundamentals

1.7 Solving Linear Equations

Example 13

A rectangle has a perimeter measuring 92 meters. The length is 2 meters less
than 3 times the width. Find the dimensions of the rectangle.

Solution:

The sentence “The length is 2 meters less than 3 times the width,” gives us the
relationship between the two variables.

Let w represent the width of the rectangle.

Let 3w — 2 represent the length.

I=3w-2

The sentence “A rectangle has a perimeter measuring 92 meters” suggests an

algebraic set up. Substitute 92 for the perimeter and the expression 3w — 2 for

the length into the appropriate formula as follows:

P= 21 +2w

l l
92=2 (3w — 2)+2w

Once you have set up an algebraic equation with one variable, solve for the
width, w.
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92=2 (3w — 2) + 2w Distribute.

92=6w —4 + 2w  Combine like terms.
92=8w —4 Solve forw.

96 =8w

12=w

Use 3w — 2 to find the length.

I=3w—-2=3(12)-2=36-2=34

To check, make sure the perimeter is 92 meters.

P=21 + 2w
=234)+2(12)
=68 + 24
=92

Answer: The rectangle measures 12 meters by 34 meters.
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Example 14

Given a 4 % %annual interest rate, how long will it take $2,500 to yield $437.50
in simple interest?

Solution:

Let t represent the time needed to earn $437.50 at 4 % %.0rganize the
information needed to use the formula for simple interest, I = prt.

G.iven int'erest for the I = $437.50

time period:

Given principal: p = $2,500

Given rate: r=432%=4375% = 0.0437]

Next, substitute all of the known quantities into the formula and then solve for
the only unknown, t.

I=prt
437.50=2500 (0.04375) t

437.50=109.375¢

437.50 _ 109.375¢

109.375  109.375
A=t
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Answer: It takes 4 years for $2,500 invested at 4 % %to earn $437.50 in simple
interest.
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Example 15

Susan invested her total savings of $12,500 in two accounts earning simple

interest. Her mutual fund account earned 7% last year and her CD earned 4.5%.

If her total interest for the year was $670, how much was in each account?

Solution:

The relationship between the two unknowns is that they total $12,500. When a
total is involved, a common technique used to avoid two variables is to
represent the second unknown as the difference of the total and the first
unknown.

Let x represent the amount invested in the mutual fund.

Let 12,500 - x represent the remaining amount invested in the CD.

Organize the data.

I=prt
Ifnter.est earned in the mutual —x-007 -1
und:
=0.07x
I=prt
Interest earned in the CD: =(12,500 — x) - 0.045 - 1
=0.045(12,500 — x)
Total interest: 3670
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The total interest is the sum of the interest earned from each account.

mutual fund interest  + CD interest =

= totalinterest
0.07x + 0.045 (12,500 - x) 670

This equation models the problem with one variable. Solve for x.

0.07x + 0.045 (12,500 — x) =670

0.07x + 562.5 — 0.045x=670
0.025x + 562.5=670
0.025x=107.5
107.5
F=0.025
x=4,300

Use 12, 500 — x to find the amount in the CD.

12,500 — x = 12,500 — 4,300 = 8,200

Answer: Susan invested $4,300 at 7% in a mutual fund and $8,200 at 4.5% in a
CD.
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KEY TAKEAWAYS

+ Solving general linear equations involves isolating the variable, with
coefficient 1, on one side of the equal sign. To do this, first use the
appropriate equality property of addition or subtraction to isolate the
variable term on one side of the equal sign. Next, isolate the variable
using the equality property of multiplication or division. Finally, check
to verify that your solution solves the original equation.

« If solving a linear equation leads to a true statement like 0 = 0, then the
equation is an identity and the solution set consists of all real numbers,
R.

« If solving a linear equation leads to a false statement like 0 = 5, then the
equation is a contradiction and there is no solution, @.

¢ Clear fractions by multiplying both sides of an equation by the least
common multiple of all the denominators. Distribute and multiply all
terms by the LCD to obtain an equivalent equation with integer
coefficients.

« Simplify the process of solving real-world problems by creating
mathematical models that describe the relationship between unknowns.
Use algebra to solve the resulting equations.
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TOPIC EXERCISES

PART A: SOLVING BASIC LINEAR EQUATIONS

Determine whether or not the given value is a solution.
1. Sx+4=-1;x=-1

2. dx -3 =-7; x = -1

3. 3y—4=5;y=2

4. 2y+7=12;y=-2

5. 3a—6=18—a a=-3

6. SQ2t—1)=2—-t1t=2

b

7. ax—b=0;x=;

8. ax+b=2b;x=%

Solve.
9. Sx =3 =27
10. 6x —7 =47
11. 4x+ 13 =35
12. 6x —9 =18
13. 9a + 10 =10
14. 5—3a=5
15. —8t+5=15
16. =9t + 12 =33
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21,

22.

23.

24.

258

26.

27.

28.

29

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

T—y=22
6—-—y=12
Solveforx:ax — b = ¢

Solveforx:ax+ b =0

PART B: SOLVING LINEAR EQUATIONS

Solve.

6x—5+2x=19
T—2x+9=24

12x -2 —-9x=5x+8

16 —3x—22 =8 —4x
5y—-6-9y=3-2y+8
7—9+12=3y+11-11y
3+3a—-11=5a—-8—2a
2—3a=5a+7-8a

3
x2+

(o) (¥}

X +

— 1
A= 1

o W=
EN| [SSI ) [V}

1 3

SRS I
1.2x — 0.5 —2.6x =2 — 2.4x
1.59 —3.87x = 3.48 —4.1x — 0.51
5—10x=2x+8 — 12x
8x—-3-3x=5x-3
5(y+2)=3(2y—1)+10
T(y-3)=4(2y+1)-21
7-5@3t—9) =22
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42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

557

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

10-5@t+7) =20
5-2x=4-2(x—4)
2(4x=5)+7x=5@Bx-2)
4(ha—1)=5@-3)+2@@—-2)
6 (26— 1) +24b=8(3b-1)
2 (x+18)+2=12x-13
Zx- 4 (6v-3) =4

1.22x+ 1) + 0.6x = 4x
6+0.5(7x—5) =25x+03

5(y+3)=15(y+1) — 10y
3(4—y)—2(y+7) =-5y

1
3a+

~
\S)
Q
+
(98]
~
I

L
10

=

a %(1+2a)—% (a+5)
-3(Tx+1)=74 - 3x)

(x—6)—3(2x=9) =-9

AN A\ v »|—=

(y=2)+% (2y+3)=3
~4 (4-3)=2 (-1
—20@x+1)— x-3)=-Tx+1
62x+1)— (10x+9)=0
Solve forw: P = 21 + 2w

3
4
Bl
4

Solvefora:P =a+ b + ¢
Solve fort: D = rt

Solve forw: V = Iwh

Solve for b: A = % bh
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66. Solve fora:§ = %atz

67. Solvefora:A = % h (a + b)
68. Solveforh:V = % 71'}’2/’1

69. SolveforF: C = %(F — 32)

70. Solveforx:ax + b = ¢

PART C: APPLICATIONS

Set up an algebraic equation then solve.

Number Problems

71. When 3 is subtracted from the sum of a number and 10 the result is 2. Find the
number.

72. The sum of 3 times a number and 12 is equal to 3. Find the number.

73. Three times the sum of a number and 6 is equal to 5 times the number. Find
the number.

74. Twice the sum of a number and 4 is equal to 3 times the sum of the number and
1. Find the number.

75. A larger integer is 1 more than 3 times another integer. If the sum of the
integers is 57, find the integers.

76. A larger integer is 5 more than twice another integer. If the sum of the integers
is 83, find the integers.

77. One integer is 3 less than twice another integer. Find the integers if their sum
is 135.

78. One integer is 10 less than 4 times another integer. Find the integers if their
sum is 100.

79. The sum of three consecutive integers is 339. Find the integers.
80. The sum of four consecutive integers is 130. Find the integers.
81. The sum of three consecutive even integers is 174. Find the integers.

82. The sum of four consecutive even integers is 116. Find the integers.
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83. The sum of three consecutive odd integers is 81. Find the integers.

84. The sum of four consecutive odd integers is 176. Find the integers.

Geometry Problems

85. The length of a rectangle is 5 centimeters less than twice its width. If the
perimeter is 134 centimeters, find the length and width.

86. The length of a rectangle is 4 centimeters more than 3 times its width. If the
perimeter is 64 centimeters, find the length and width.

87. The width of a rectangle is one-half that of its length. If the perimeter
measures 36 inches, find the dimensions of the rectangle.

88. The width of a rectangle is 4 inches less than its length. If the perimeter
measures 72 inches, find the dimensions of the rectangle.

89. The perimeter of a square is 48 inches. Find the length of each side.

90. The perimeter of an equilateral triangle is 96 inches. Find the length of each
side.

91. The circumference of a circle measures 807 units. Find the radius.

92. The circumference of a circle measures 25 centimeters. Find the radius
rounded off to the nearest hundredth.

Simple Interest Problems

93. For how many years must $1,000 be invested at 5 %% to earn $165 in simple
interest?

94, For how many years must $20,000 be invested at 6 %% to earn $3,125 in simple

interest?

95. At what annual interest rate must $6500 be invested for 2 years to yield $1,040
in simple interest?

96. At what annual interest rate must $5,750 be invested for 1 year to yield $333.50
in simple interest?

97. If the simple interest earned for 5 years was $1,860 and the annual interest rate
was 6%, what was the principal?

98. If the simple interest earned for 2 years was $543.75 and the annual interest

rate was 3 % %, what was the principal?
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99. How many years will it take $600 to double earning simple interest at a 5%
annual rate? (Hint: To double, the investment must earn $600 in simple
interest.)

100. How many years will it take $10,000 to double earning simple interest at a 5%
annual rate? (Hint: To double, the investment must earn $10,000 in simple
interest.)

101. Jim invested $4,200 in two accounts. One account earns 3% simple interest and
the other earns 6%. If the interest after 1 year was $159, how much did he
invest in each account?

102. Jane has her $6,500 savings invested in two accounts. She has part of it in a CD
at 5% annual interest and the rest in a savings account that earns 4% annual
interest. If the simple interest earned from both accounts is $303 for the year,
then how much does she have in each account?

103. Jose put last year’s bonus of $8,400 into two accounts. He invested part in a CD
with 2.5% annual interest and the rest in a money market fund with 1.5%
annual interest. His total interest for the year was $198. How much did he
invest in each account?

104. Mary invested her total savings of $3,300 in two accounts. Her mutual fund
account earned 6.2% last year and her CD earned 2.4%. If her total interest for
the year was $124.80, how much was in each account?

105. Alice invests money into two accounts, one with 3% annual interest and
another with 5% annual interest. She invests 3 times as much in the higher
yielding account as she does in the lower yielding account. If her total interest
for the year is $126, how much did she invest in each account?

106. James invested an inheritance in two separate banks. One bank offered 5 %%

annual interest rate and the other 6 i%. He invested twice as much in the

higher yielding bank account than he did in the other. If his total simple
interest for 1 year was $5,760, then what was the amount of his inheritance?

Uniform Motion Problems

107. If it takes Jim 1 % hours to drive the 40 miles to work, then what is Jim’s

average speed?

108. It took Jill 3 % hours to drive the 189 miles home from college. What was her

average speed?

109. At what speed should Jim drive if he wishes to travel 176 miles in 2 % hours?
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110. James and Martin were able to drive the 1,140 miles from Los Angeles to
Seattle. If the total trip took 19 hours, then what was their average speed?

PART D: DISCUSSION BOARD

111. What is regarded as the main business of algebra? Explain.
112. What is the origin of the word algebra?

113. Create an identity or contradiction of your own and share it on the discussion
board. Provide a solution and explain how you found it.

114. Post something you found particularly useful or interesting in this section.
Explain why.

115. Conduct a web search for “solving linear equations.” Share a link to website or
video tutorial that you think is helpful.
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ANSWERS

1. No

3. Yes

—_—
—

11.

>

13.

o

15.

|
EN [V}

17, 2
19. -3
21. -15
23. X =
25. 3
27. -5
29, — =
31. R
33. %
35. 2.5
37. @
39. 3

41. 2

43. @

1SN
al
I
W
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47.

49.

51.

53.

55.

57.

59.

71.

73.

75.

77.

79.

81.

83.

85.

87.

89.

91.

93.

95.

-81

1.2

o

T [ S

ES)

P -2
61. W= ———

63. I =
65. b =

2A
67. a = — — b

N|§\ | o

6. I = 2 C + 32
5
-5
9
14, 43
46, 89
112,113, 114
56, 58, 60
25, 27, 29
Width: 24 centimeters; length: 43 centimeters
Width: 6 inches; length: 12 inches
12 inches
40 units
3 years

8%
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97.

99.

101.

103.

105.

107.

109.

111.

113.

115.

$6,200

20 years

He invested $3,100 at 3% and $1,100 at 6%.

Jose invested $7,200 in the CD and $1,200 in the money market fund.
Alice invested $700 at 3% and $2,100 at 5%.

32 miles per hour

64 miles per hour

Answer may vary

Answer may vary

Answer may vary
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1.8 Solving Linear Inequalities with One Variable

138. Linear expressions related with
the symbols <, <, >, and >.

139. A real number that produces a
true statement when its value
is substituted for the variable.

LEARNING OBJECTIVES

1. Identify linear inequalities and check solutions.
2. Solve linear inequalities and express the solutions graphically on a

number line and

in interval notation.

3. Solve compound linear inequalities and express the solutions
graphically on a number line and in interval notation.
4. Solve applications involving linear inequalities and interpret the results.

Linear Inequalities

A linear inequality'*® is a mathematical statement that relates a linear expression
as either less than or greater than another. The following are some examples of
linear inequalities, all of which are solved in this section:

Sx+7<22

—2x+8)+6>20

—2(4x-5)<9-2(x-2)

A solution to a linear inequality'*’ is a real number that will produce a true
statement when substituted for the variable. Linear inequalities have either
infinitely many solutions or no solution. If there are infinitely many solutions,
graph the solution set on a number line and/or express the solution using interval

notation.
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Example 1

Are x = —4 and x = 6 solutions to Sx + 7 < 22?

Solution:

Substitute the values in for x, simplify, and check to see if we obtain a true

statement.
Checkx = —4 Checkx = 6
S5(-H+7<22  |5(6) +7<22
=20+ 7<22 30 +7<22
—-13<22 V/ 37<22  «x
Answer: X = —4 is a solution and x = 6 is not.

All but one of the techniques learned for solving linear equations apply to solving

linear inequalities. You may add or subtract any real number to both sides of an

inequality, and you may multiply or divide both sides by any positive real number to
create equivalent inequalities. For example:

10> -5

10-7>-5-7

3>-12

1.8 Solving Linear Inequalities with One Variable

Subtract 7 on both sides.

v True
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10> -5
1 —
?0 > ?5 Divide both sides by 5.

2>-—1 v True

Subtracting 7 from each side and dividing each side by positive 5 results in an
inequality that is true.
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Example 2

Solve and graph the solution set: Sx + 7 < 22.

Solution:

Sx+7<22
Sx+7-7<22-17
5x<15
sr_15
5 5
x<3

It is helpful to take a minute and choose a few values in and out of the solution
set, substitute them into the original inequality, and then verify the results. As
indicated, you should expect x = 0 to solve the original inequality and that

x = 5 should not.

Checkx = 0 Checkx = 5
5(5) +7<22
500)+7<22 5
7<¢20 v 5+7<22
32<22 «x

1.8 Solving Linear Inequalities with One Variable
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Checking in this manner gives us a good indication that we have solved the
inequality correctly.

We can express this solution in two ways: using set notation and interval
notation.

{xlx < 3} Setnotation
(—oo, 3) Interval notation
In this text we will choose to present answers using interval notation.
Answer: (—oo, 3)
When working with linear inequalities, a different rule applies when multiplying or

dividing by a negative number. To illustrate the problem, consider the true
statement 10 > —5 and divide both sides by -5.

10>-5
10 -5
= > = Divide both sides by — 5.

-2>1 x False

Dividing by -5 results in a false statement. To retain a true statement, the inequality
must be reversed.
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10>-5
10 =5
= < = Reverse the inequality.

-2<1 v True

The same problem occurs when multiplying by a negative number. This leads to the
following new rule: when multiplying or dividing by a negative number, reverse the
inequality. It is easy to forget to do this so take special care to watch for negative
coefficients. In general, given algebraic expressions A and B, where c is a positive

nonzero real number, we have the following properties of inequalities’*’:

Additi ty of
THOR PROPEIEY 0% 1 4 < B then, A + c< B + ¢
inequalities:
i f
Subtractlon. proper-t)'l “lIfA < B, thenA —-c<B-c
inequalities:

IfA < B, then cA < cB
Multiplication property of

inequalities:

IfA<B, then —cA > —cB

IfA < B, then & < £
Division property of

inequalities:
IfA < B, then f‘—c > _%

140. Properties used to obtain We use these properties to obtain an equivalent inequality'*', one with the same

equivalent inequalities and solution set, where the variable is isolated. The process is similar to solving linear
used as a means to solve them. equations.

141. Inequalities that share the
same solution set.
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Example 3

Solve and graph the solution set: =2 (x + 8) + 6 > 20.

Solution:

—2(x+8)+6>20
-2x—16+6>20
—2x—10>20
—2x>30

=2x 30

— <

-2 T =2

x<-15

( 25 -20 7?5

Distribute.
Combine like terms.

Solve for x.

Divide both sides by — 2.

Reverse the inequality.

Answer: Interval notation (—oo, — 15]

1.8 Solving Linear Inequalities with One Variable
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Example 4

Solve and graph the solution set: —2 (4x — 5) <9-2(x-2).

Solution:

—2(4x—5)<9—2(x—2)
—8x+10<9-2x+4
—8x + 10<13 — 2x

—6x<3
—6x 3 . .
— 0 — Reverse the inequality.
-6 -6
S 1
x —_— —
2
* 7‘7 * 7‘5 ! 3 * :\':I 1 3 5 7 )
4 3B373727371730 31 3233 54

1.8 Solving Linear Inequalities with One Variable 239



Chapter 1 Algebra Fundamentals

Example 5
Solve and graph the solution set: %x -22> % (% x— 9) + 1.
Solution:
1 1 (7
—x=2>=|=-x- 1
> X 25 <4 X 9) +
1 7 9
—x=2>=x—-=+1
R T
1 7 7
—Xx—=x>—=+2
2 T8 T
3 . 3
8 — 2
i > < i s R thei lit
3 g %)= 3 > everse the inequality.
x<4

Answer: Interval notation: (—oo, 4]

Try this! Solve and graph the solution set: 10 — 5 (2x + 3) < 25.

Answer: [—3, oo) :

(click to see video)
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142. Two or more inequalities in
one statement joined by the
word “and” or by the word

« ”

or.

Compound Inequalities

Following are some examples of compound linear inequalities:

—13<3x-7<17[4x+5<—-15 or 6x—11>7

These compound inequalities'*” are actually two inequalities in one statement
joined by the word and or by the word or. For example,

—13<3x-7<17
is a compound inequality because it can be decomposed as follows:

—13<3x—=7and 3x-7 < 17

We can solve each inequality individually; the intersection of the two solution sets
solves the original compound inequality. While this method works, there is another
method that usually requires fewer steps. Apply the properties of this section to all
three parts of the compound inequality with the goal of isolating the variable in the
middle of the statement to determine the bounds of the solution set.
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Example 6

Solve and graph the solution set: —13 < 3x — 7 < 17.

Solution:
-13<3x-7<17
13 +7<3x-7T+7<17 +7
—-6<3x<24
-6 < 3x < 24
3 3 3
-2<x<8
_I6 -4 _C2 0 2 4 6 % lIO
Answer: Interval notation: (—2, 8)

1.8 Solving Linear Inequalities with One Variable
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It is important to note that when multiplying or dividing all three parts of a

Example 7

Solve and graph the solution set:

N

S% (%x+4) < 2.

Solution:

AN W
IA
W =

IA

X +

5 1 4
R = . (2
6 <6> 6 (6x+3><6 (2)
5<x+8<12

5-8<x+8-8<12-8
-3<x<4

O'\l'—/_\
l\-)l
/\ \/

IA N W
W[

-6 -5 -4 -3 -2 -1 0 1 2 3

Answer: Interval notation [—3, 4)

compound inequality by a negative number, you must reverse all of the inequalities
in the statement. For example:

—-10 < -2x < 20
-10 —2x 20
R S
5> x >-10

The answer above can be written in an equivalent form, where smaller numbers lie
to the left and the larger numbers lie to the right, as they appear on a number line.

1.8 Solving Linear Inequalities with One Variable
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-10<x<5

Using interval notation, write: (— 10, 5) .

Try this! Solve and graph the solution set: =3 < =3 (2x — 3) < 15.

Answer: (—1, 2];

s L L L . N— —— L L L L
7
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

(click to see video)

For compound inequalities with the word “or” you work both inequalities
separately and then consider the union of the solution sets. Values in this union
solve either inequality.

1.8 Solving Linear Inequalities with One Variable

244


http://www.youtube.com/v/BEXeGm_FGDc

Chapter 1 Algebra Fundamentals

Example 8

Solve and graph the solution set: 4x + 5 < —15 or 6x — 11 > 7.

Solution:

Solve each inequality and form the union by combining the solution sets.

4x +5<-15 6x—11>7
4x<-20|or 6x>18
x<-5 x>3
{ ....... P

Answer: Interval notation (—oo, —5] U (3, oo)

Try this! Solve and graph the solution set:
5(x—3)< =20 or 2(5—3x) < 1.

Answer: (—00, —1) U (

\S) (o8}

10-9-8-7-6-5-4-3-2-10 1 2 3 4 56 7 8 9 10’

(click to see video)

Applications of Linear Inequalities

e

Some of the key words and phrases that indicate inequalities are summarized

below:

1.8 Solving Linear Inequalities with One Variable
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Key Phrases Translation
A number is at least 5.
x>5
A number is 5 or more inclusive.
A number is at most 3.
x<3
A number is 3 or less inclusive.
A number is strictly less than 4.
x<4
A number is less than 4, noninclusive.
A number is greater than 7.
x>
A number is more than 7, noninclusive.
A number is in between 2 and 10. 2<x<10
A number is at least 5 and at most 15. 5<x<15

1.8 Solving Linear Inequalities with One Variable
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Key Phrases

Translation

A number may range from 5 to 15.

As with all applications, carefully read the problem several times and look for key
words and phrases. Identify the unknowns and assign variables. Next, translate the

wording into a mathematical inequality. Finally, use the properties you have

learned to solve the inequality and express the solution graphically or in interval

notation.

1.8 Solving Linear Inequalities with One Variable
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Example 9

Seven less than 3 times the sum of a number and 5 is at most 11. Find all
numbers that satisfy this condition.

Solution:

First, choose a variable for the unknown number and identify the key words
and phrases.

Let n represent the unknown indicated by “a number.”

three times the sum of

a number and 5 seven less than s at most
) F—— ==
3(n+5) - 7 < 11

Solve for n.

3 (n+5) - 7<11
3n+15-7<11
3n+8<11
3n<3

n<l

Answer: Any number less than or equal to 1 will satisfy the statement.
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Example 10

To earn a B in a mathematics course the test average must be at least 80% and
less than 90%. If a student earned 92%, 96%, 79%, and 83% on the first four tests,
what must she score on the fifth test to earn a B?

Solution:

Set up a compound inequality where the test average is between 80% and 90%.
In this case, include the lower bound, 80.

Let x represent the score on the fifth test.

80 < test average < 90
20 S92+96+z9+83+x< 90
5.80< 5 350% <5-90
400 < 350 + x < 450
50 < X < 100

Answer: She must earn a score of at least 50% and less than 100%.

In the previous example, the upper bound 100% was not part of the solution set.
What would happen if she did earn a 100% on the fifth test?

92 4+96 4+ 79 + 83 + 100
5

average =

_450
5
=90
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As we can see, her average would be 90%, which would earn her an A.

KEY TAKEAWAYS

Inequalities typically have infinitely many solutions. The solutions are
presented graphically on a number line or using interval notation or
both.

All but one of the rules for solving linear inequalities are the same as
solving linear equations. If you divide or multiply an inequality by a
negative number, reverse the inequality to obtain an equivalent
inequality.

Compound inequalities involving the word “or” require us to solve each
inequality and form the union of each solution set. These are the values
that solve at least one of the given inequalities.

Compound inequalities involving the word “and” require the
intersection of the solution sets for each inequality. These are the values
that solve both or all of the given inequalities.

The general guidelines for solving word problems apply to applications
involving inequalities. Be aware of a new list of key words and phrases
that indicate a mathematical setup involving inequalities.
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TOPIC EXERCISES

PART A: LINEAR INEQUALITIES

Determine whether or not the given value is a solution.
1. Sx—-1<-2; x=-1

2. 3x+1>-10; x=1

3. 2x—3<-5; x=1
4, S5x =7<0; x=2

5.9y —-42>5;y=1

6. —6y+1<3; y=-1
7. 12a+3§—2;a=—%

8. 25a-2<-22;a=—%

0. -10<2x-5<-5;x=-1+

10. 3x+8< 2o0rd4x—-2>5;x=2

Graph all solutions on a number line and provide the corresponding
interval notation.

1. 3x+5> -4
12. 2x+ 1 > —1

13. 5—6y < —1
14. 7—9y > 43
15. 6 -a<6

16. —2a+5>5

3
4x+11 1
18. 3 < 5
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19.

20.

21,

Z2e

23.

24.

25,

26.

27/

28.

29%

31.

32.

33.

34.

35.

36.

39.

40.

41.

2(3x+ 14) < -2
5(2y+9) > -15
5-2(4+3y) <45
—12+5(5-2x) < 83
6(7—2a)+ 6a <12
2a+10(4 —a) > 8

92t —3)—3(3t+2) <30
—3(t-3)- 4-n>1

4

% (5x+4)+%x>—§

30. %+% (2x—3)2%
S5x—-2x—-3)<3(2x—-1)
32x—1)—10>403Bx—-2) - 5x
—3y23(y+8)+6(y—1)
12<4(y-1)+2(2y+1)

—2(5r=3) —4>5(-2t+3)
~7Bt—4)>23-101) — ¢

1 1 7 3
L= 5)— = 2x+3)> —x+ =
37 21(x+ ) 31(x+ )>61x+23
= (2x— — (x=6)> —x— =

38 3(x 3)+4(x 6)_12x 1

4(3x+4)23(6x+5)—6x
1-40Bx+7)<-3x+9)—-9%
6-3QRa—-1)<4@B-a)+1
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42. 12-5(2a+6) 22(5—-4a) —a

PART B: COMPOUND INEQUALITIES

Graph all solutions on a number line and provide the corresponding
interval notation.

43, -1 <2x+1<9
44. =4 <5x+ 11 <16
45. =7 <6y —7<17
46. =7 <3y+5<L2

47. =7 < 3x;1 <38

48. —1 < 2x;—7 <1

9. —4 <11 -51r< 31

50. 15 <12—-1<L16
1 1 1

51. —§§3a+§§

1 1 5
52. 6<3a+6<

LI |—

5. Sx+2< -3 or 7x—6> 15
54. 4x+ 15 < -1 or 3x —8 > —11
5. 8x—3 <1 or 6x—72>8

56. 6x+ 1 < =3 or 9x — 20 > -5
57. 8&x—7 <1 or 4x+ 11 > 3

58. 10x—21 <9 or 7x+9 > 30
5. 7+ 2y <5 or 20-3y>5

60. S—y<5or7—-8y<23

61. 154+ 2x < =15 or 10 — 3x > 40

62. 10— sx<50r5-2x<15
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63. 9—2x <15 and 5x -3 <7

64. S—4x>1 and 15+2x > 5

65. 7y — 18 < 17 and 2y — 15 < 25
66. 13y +20>7 and 8 + 15y > 8
67. 5—4x <9 and 3x+13 <1

68. 17—5x>7 and 4x -7 > 1

69. 9y +20<2 and 7y+ 15> 1
70. 21 —6y <3 and —7+2y < -1
71. =21 < 6(x —3) < -9

72. 0<2(2x+5) <8

73. —15§5+4(2y—3)<17

74. 5<8-3(3-2y) <29

75. 5<5-34+1<17

76. =3 <3-2(5+21) <21

7. =40 <2 (x+5) = (5-x) <-10
78. =60 <5(x—4)—-2(x+5) <15

1 1 1
L — =< — (x—-1 —
79 2<30(x 0)<3
80 1<1( 7)<1
‘ 5—152x 3
81. —1§a+ 5(a_ )SO

2(a—-1

82.0<5+ éa )<2

PART C: APPLICATIONS

Find all numbers that satisfy the given condition.
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83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

Three less than twice the sum of a number and 6 is at most 13.

Five less than 3 times the sum of a number and 4 is at most 10.

Five times the sum of a number and 3 is at least 5.

Three times the difference between a number and 2 is at least 12.
The sum of 3 times a number and 8 is between 2 and 20.

Eight less than twice a number is between -20 and -8.

Four subtracted from three times some number is between -4 and 14.

Nine subtracted from 5 times some number is between 1 and 11.

Set up an algebraic inequality and then solve.

With a golf club membership, costing $120 per month, each round of golf costs
only $35.00. How many rounds of golf can a member play if he wishes to keep
his costs $270 per month at most?

A rental truck costs $95 per day plus $0.65 per mile driven. How many miles
can be driven on a one-day rental to keep the cost at most $120?7

Mark earned 6, 7, and 10 points out of 10 on the first three quizzes. What must
he score on the fourth quiz to average at least 87

Joe earned scores of 78, 82, 88 and 70 on his first four algebra exams. What
must he score on the fifth exam to average at least 807

A gymnast scored 13.2, 13.0, 14.3, 13.8, and 14.6 on the first five events. What
must he score on the sixth event to average at least 14.07

A dancer scored 7.5 and 8.2 from the first two judges. What must her score
from the third judge come in as if she is to average 8.4 or higher?

If two times an angle is between 180 degrees and 270 degrees, then what are
the bounds of the original angle?

The perimeter of a square must be between 120 inches and 460 inches. Find the
length of all possible sides that satisfy this condition.

A computer is set to shut down if the temperature exceeds 45°C. Give an

equivalent statement using degrees Fahrenheit. Hint: C = % (F — 32).

A certain antifreeze is effective for a temperature range of -35°C to 120°C. Find
the equivalent range in degrees Fahrenheit.
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PART D: DISCUSSION BOARD

101. Often students reverse the inequality when solving 5x + 2 < —18 ? Why do
you think this is a common error? Explain to a beginning algebra student why
we do not.

102. Conduct a web search for “solving linear inequalities.” Share a link to website
or video tutorial that you think is helpful.

103. Write your own 5 key takeaways for this entire chapter. What did you find to
be review and what did you find to be new? Share your thoughts on the
discussion board.

1.8 Solving Linear Inequalities with One Variable 256



Chapter 1 Algebra Fundamentals

ANSWERS

1. Yes
3. No

5. Yes

11.

13.

15.

17.

19.

"6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6’

21. (—oo,—S);
§]0—9—8—?—6—5—4—3—2—1 0123456782910

23. [—8, oo) ;

-10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 91
25. [5,00);

~10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 ]:l.:

27. (—oo, 7) 2

EIIEI-‘J'-S-?-&'S-S—4—3—2—[ 0123 456728910

29. (—1, oo) ;
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~10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 ]:).:

31. (3, oo) ;

33. (=, — 2|

E r 5 3 | 1 3 5 7 -
—4—5—3_5'—2—5~]—2—0 o ] B 2 B 3 - 4

v

51. |—4, 1] :

53. (—00,—1) U (3,00) ;

s (4]0 [2.0)
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57.

59.

§10—9—8—?—6—5—4—3—2—I 012345678910

61. (—w=,—10);

—‘;5—30—25—20—15—10 -5 0 5 10 15 20 25 30 35
63. [-3,2];

L L L S L 1 L L,

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
65. (—oo,S);

—‘;5—30—25—20—15—10 -5 0 5 10 15 20 25 30 35
67. O;

6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
69. -2;

"6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

1 3\
n (-3.3)

“4-7-3-2-2-3-1-50 3 I 5; 2 53 5 4
7. [-1,3);

L ! L 1 L S L L T

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
75. (=8, —4);

a1 L TS A A L T 1 L L L 1 1 1L L L L L 1 L L »

« o o >

~10-9-8-7-6-5-4-3-2-10 1 2 3 4 56 7 8 910
77. (—15, —5];

il L 1 1 1 [ 1 1 1 L L 1

-35-30-25-20-15-10 -5 0 5 10 15 20 25 30 35
79. (=5,20);

PR | [ 1 L L 1 1 1 1

< e
-35-30-25-20-15-10-5 0 5 10 15 20 25 30 35

4]
81'[ 3’3]’

-~

L L L L L 1 1
5 4 2 1 1 2 4 5 T 8
233l 0 3 3 g 325 353
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83.

85.

87.

89.

91.

93.

95.

97.

99.

101.

103.

(==2]

2.2

(-2,4)

(0.6)

Members may play 4 rounds or fewer.

Mark must earn at least 9 points on the fourth quiz.

He must score a 15.1 on the sixth event.

The angle is between 90 degrees and 135 degrees.

The computer will shut down when the temperature exceeds 113°F.

Answer may vary

Answer may vary
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REVIEW EXERCISES

REVIEW OF REAL NUMBERS AND ABSOLUTE VALUE

Reduce to lowest terms.

56

120
54

7. —(=(-a))
8. —(=(=(-a)
Graph the solution set and give the interval notation equivalent.
9. x > —10
10. x<O0
1. -8<x<0
12. —10<x <4
13. x <3 and x > -1
14. x <0 and x > 1
15. x < =2 or x> —6

16. x < —1or x> 3
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Determine the inequality that corresponds to the set expressed using
interval notation.

17. [-8,)
18. (—o0, =7)
10. [12,32]
20. [-10,0)
21. (=0, 1] U (5,)

22. (=, =10) U (=5, )

23. (—4, oo)

24, (—oo, O)
Simplify.

5 = |- 2

%6 == (= %)

27. —(—1-4l)

28. — (— (—=1-31))
Determine the values represented by a.

29. lal =6

30. lal =1

31. lal = =5

32. lal = a

OPERATIONS WITH REAL NUMBERS

Perform the operations.

1 3
5t

1
33. 7
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34.

35.

36.

37.

38.

39.

40.

o W
I
—
I
N [9)
ofo
I
S

—
I
<3|
of[o
[

|l\) Elu‘

—_
(9]
~

e
I
N | =
|

/4S5 S S W
I
Alw W Ol
N— N—
(S} w

— 82
—4% + (—-4)°

|
~J
~
)

0. 10-8((3-5)"-2)
2. 4+5(3-(2-3))
1. =3% - (1-(-4+2))
4. (4+ 17 - (3-6)°
. 10 — 3(=2)3

3% — (—4)°
6 [(—5)2 _ (—3)2]
4 - 6(-2)°
7. 7=3[6— (=3 -2)°|
8. —6% +5[3 —2(-2)°|
12 — |6 — 2(-4)?|
3 — |4l
—(5-21-31)°
50. |4 ~ (_3)2| 0

SQUARE AND CUBE ROOTS OF REAL NUMBERS
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52. 54/18

50 6\/6
W rs

55. %
56. %
57. \3/%
s8. /81
59, v/ —81
60. v/ —32

70

i 27

1

3 ——

62. —

Use a calculator to approximate the following to the nearest
thousandth.

63. \/12
64. 3\/ﬁ
65. V18
66. 7{/%

67. Find the length of the diagonal of a square with sides measuring 8 centimeters.

68. Find the length of the diagonal of a rectangle with sides measuring 6
centimeters and 12 centimeters.
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ALGEBRAIC EXPRESSIONS AND FORMULAS

Multiply.

(
72. (2m2 — 3mn + nz) - 6
Combine like terms.
73. 5x%y — 3xy? — 4x?y — Txy?
74. 9x2y? + 8xy + 3 — 5x2y? — 8xy — 2

75. @b* — Tab + 6 — @b* + 12ab — 5

76. Sm*n — 3mn + 2mn? — 2nm — 4m?*n + mn*

Simplify.
77. 5x% + 4x - 3 (2x2 —4x — 1)
78. (6x2y2 + 3xy — 1) - (7x2y2 — 3xy + 2)
9. & —b> — (24 + ab - 3b%)

80. m> + mn — 6 (m2 — 3n2)

Evaluate.
2 _ 1
81. X —3x+1whereX——E
82. x2 — x — | wherex = —%
4 4 _ _
83. d° — b wherea = —3and b = —1

84. & — 3ab + sz wherea = 4and b = =2
85. 2x+ 1) (x — 3) wherex = —3

86. Bx+1) (x + 5) where x = —5
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87.

88.

89.

90.

91.

92.

93.

94.

\/192——4acWherea =2b=—4,andc
\/192——4acWherea =3 b= —6,andc
a2 hwhere r = 2y/3and h = 5

% ar’ where r = 2\3/6

What is the simple interest earned on a 4 year investment of $4,500 at an

annual interest rate of 4 %%?

James traveled at an average speed of 48 miles per hour for 2 % hours. How far
did he travel?

1,

32
where L represents its length in feet. Approximate the period of a pendulum
with length 2 feet. Round off to the nearest tenth of a foot.

The period of a pendulum T in seconds is given by the formula T = 27

The average distance d, in miles, a person can see an object is given by the

formulad = —5—

measured in feet. What average distance can a person see an object from a
height of 10 feet? Round off to the nearest tenth of a mile.

where h represents the person’s height above the ground,

RULES OF EXPONENTS AND SCIENTIFIC NOTATION

1.9 Review Exercises and Sample Exam

Multiply.
10,52
95.
x5 )
x%(x?)
96. 3

97. =Tx%yz® - 3x%y?z
08. 3b’c(—4abct)

—102b%c*
99, >
25a72b-c—3
—12x7%y—2z
100.
36x3y4z6

101. (—2x _5y_3z) B
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3
—3m’
104.
5n?

-3
—2a2b3¢
105. 5
3ab—=c0
)
6a2b™3 ¢
106. 5
2a’b"c4

Perform the operations.

107. (43x10%%) (3.1x107%)

108. (6.8x1077) (1.6 x 107)

-32
109. 1.4><10_10
2x10
26
110. 1.15><10_7
2.3x10

111. The value of a new tablet computer in dollars can be estimated using the
formula v = 450(¢ + 1)_1 where t represents the number of years after it
is purchased. Use the formula to estimate the value of the tablet computer 2 %

years after it was purchased.

112. The speed of light is approximately 6.7 X 103 miles per hour. Express this
speed in miles per minute and determine the distance light travels in 4
minutes.

POLYNOMIALS AND THEIR OPERATIONS

Simplify.
113. (x2 + 3x — 5) — (2x2 + 5x — 7)
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114. (6x2 - 3x+ 5) + (9)62 + 3x — 4)

115. (a2b2 —ab + 6) — (ab + 9) + <a2b2 — 10)

116. (x2—2y2)— (x2+3xy—y2)— (3xy+y2)

117. —% (16x2 +8x—4)

4 3 5
Gl =" = = =
118 <3x 2x+6>

119. (2x + 5) x—4)

120. (3x —2) (x2 —5x + 2)

121. (x2 =2x+5) (2x* —x+4)
122. <a2 +b2) (a2 —bz)

123. (2a + b) (4> — 2ab + b*)

124. (2x — 3)2
125. B3x—=1)3
126. (2x + 3)*
127. (x2 = y2)°

128. (x2y2 + 1)2

1.9 Review Exercises and Sample Exam

27db — 9ab + 81ab?

129.

3ab
o 125x3y3 — 25x2y? + 5xy?
. 5xy?
2x3 —Tx2 +7x -2
131.
2x —1
i 12x3 +5x2 = 7x -3
' 4x + 3
5x3 —21x%2 +6x -3
133.
x—4
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xt+x3 =32+ 10x—1

134.
x+3
d —a +4a® —2a+4
135.
@ +2

137. 6x — 8 =
138. 12x =5 =
139. %x—3—%
140. %x—%=%
141. %=%
142. %=%

143. 3a—5—-2a=4a—-6

144. 8 =5y +2=4-"Ty

145. Sx —6—-8x=1-3x

146. 17—6x—-10=5x+7—-11x
147. 5Bx+3)— (10x—4) =4
148. 6 —2Bx—-1)=-4(1 —3x)
149. 9-32x+3)+6x=0

150. =5(x+2)— (4-5x) =1

(2y +3)

5
151. 9 (6y+27) =2-

W[ =

4
5. 4= = Ba+10) = = (4~ 2a)

1
10
153. Solvefors:A = zr* + 7rs
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154. Solveforx:y = mx + b

155. A larger integer is 3 more than twice another. If their sum divided by 2 is 9,
find the integers.

156. The sum of three consecutive odd integers is 171. Find the integers.

157. The length of a rectangle is 3 meters less than twice its width. If the perimeter
measures 66 meters, find the length and width.

158. How long will it take $500 to earn $124 in simple interest earning 6.2% annual
interest?

159. It took Sally 3 % hours to drive the 147 miles home from her grandmother’s

house. What was her average speed?

160. Jeannine invested her bonus of $8,300 in two accounts. One account earned
3 %% simple interest and the other earned 4 %% simple interest. If her total

interest for one year was $341.75, how much did she invest in each account?

SOLVING LINEAR INEQUALITIES WITH ONE VARIABLE

Solve. Graph all solutions on a number line and provide the
corresponding interval notation.

161. Sx —7 < 18

162. 2x — 1> 2

163. 9—x<3

164. 3 —T7x > 10

165. 61 —3(x+3) > 13
166. 7—32x—-1)>6

(9x+15)— 1 (6x—1) <0

167. >

168.

W W=

(12x— 1)+ 3 (1-32x) <0

160. 20+ 4(2a—3) > T a+2

12+3 1<1 | 1
170.3 7 > 4x > 2x
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171.

172.

173.

174.

177.

178.

179.

180.

181.

182.

183.

184.

—-4<3x+5<11
5<2x+15<13
-1<4x+1)-1<9
0<32x-3)+1<10

2x — 5

<1
4

175. —1 <

X
176. —2 < <1

2x+3 <13 and 4x—-1> 10
3x—1<8 and 2x+ 5 > 23
S5x—-3<-2o0rS5x-3>2
l—-3x<-lorl-3x>1
S5x+6<6 or 9x—-2>-11
2@Bx—-1)<—-16 or 3(1 —2x) < —15

Jerry scored 90, 85, 92, and 76 on the first four algebra exams. What must he
score on the fifth exam so that his average is at least 807

If 6 degrees less than 3 times an angle is between 90 degrees and 180 degrees,

then what are the bounds of the original angle?
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ANSWERS

7
e
15
31
9 —
18
1
5, —
2
7. —a
9. [—10,00);
—60 —50 —40 —30 =20 —10 0 10 20 30 40 50 6’
1. [-8,0);
14 -12 -10 -8 -6 -4 -2 0 2 4 6 8§ 10
13. [—1,3);
"6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
15. R;
N4 12 10 -8 6 -4 -2 0 2 4 6 8 |
17. x > —8

19. 12 <x<32

2. x <1 orx>>5

23. x > —4
3
25, — —
4
27. 4
29. a = +6
31. O
1
B
35. -4
8
37. o
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39.

41.

43.

45.

47.

49.

51.

53.

63.

65.

67.

69.

71.

73.

75.

77.

79.

81.

83.

85.

3.464

2.621
8\/5 centimeters

6x2 +2x — 4

—3d? + 15ab + 6b*

x2y — 10xy?
S5ab + 1

—x2 +16x+3
—a& — ab + 2b*
11

4

80

30
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4 _

57. 2+/5

59. —3+/3

5v/2
61 —
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87.

89.

91.

93.

95.

107.

109.

111.

113.

115.

117.

1109.

121.

123.

125.

127.

129.

131.

2+/6

607
$855
1.6 seconds
7
97 21x6y3z4
24’
9. ——
5b°c
x20y12
101.
1624
254" b°
103. 0
274’
105. TR
1.333 x 107
7x 10723
$128.57
—x2 —-2x+2
2d2b* — 2ab — 13
—[2x% —6x+3
2x%2 —3x =20
2x4 —5x3 +16x2 — 13x + 20
84 + b°

27x3 = 27x2 +9x — 1
s 2)62)12 +y4
9a +27b — 3

x2=3x+2

1.9 Review Exercises and Sample Exam
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133, 5x% —x+ 2+

x—4
135, & —a+2
5
137. —
3
14
139, —
5
1
141, —
18
143. %
145. @
147. -3
149. R
7
151. 3
153, § = A=
nr
155. 5,13
157. Length: 21 meters; Width: 12 meters
159. 42 miles per hour
161. (—0,5);
gw -5 0 5 10 15 20 25
163. [6, oo);
"2 -1 0 1 2 3 4 5 6 7 8 9 I

165. (—o0,13);

167. O;

169. [— % ,oo);
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171. [—3, 2);

173. (—1, %

L L L L Lt L L —»
I e N L O - T SR A S
2 2 2 2 2 2 2 2
1 2).
175. (2,2,
h 3 5 7 T
-1 —- 0 ~ 1 B 7 B 3 - 4 3 5 Y 6
177. (14—1,5);
0 1 2 73 4 5 6
1
179. (—oo,g)U (1,0);
1 1 1 Fan L L L L L
‘] 43 2 1 ; 2 3 4 “1' 6 7 8 9 2>
555590 5 5 5 35 5 5 5 5

181. R,

6 -5 -4 -3 -2 -1 0 1 2 3 4 5 o
183. Jerry must score at least 57 on the fifth exam.

1.9 Review Exercises and Sample Exam 277



Chapter 1 Algebra Fundamentals

1L 5-3(12- |2-5%)

Simplify.
2 3
1 3
(-=) - (3-2]-2
+(-2) -5
4. 54/-32

5. Find the diagonal of a square with sides measuring 6 centimeters.

3. —7\/@

Simplify.
6. —5x2yz7! (3x 3y_2Z)

(—2c1‘4b2c)_3
Vo e—
a3b’¢c?

8. 2 (3a?b” +2ab— 1) — b + 2ab — 1
9. (x2 —6x+9) — (3x2 —7x+2>

10. 2x —3)3
1. (3a —b) (94" + 3ab + b*)
. 6x* —17x> 4+ 16x2 — 18x + 13
2x—13
Solve
13. %x— % =2

4. 3 8x—12)— 1 (2x—10) = 16
15 12-5Cx—1)=2(4x+3)
16. + (12x—2)+5=4(3x-38)

17. Solve fory:ax + by = ¢
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Solve. Graph the solutions on a number line and give the corresponding
interval notation.

18. 2(3x—5) - (7x=3)>0

19. 2(4x— 1) —4 (5+2x) < 10
20. =6 <+ (2x—8) < 4

21. 3x—7> 14 or 3x—7 < —14

Use algebra to solve the following.

22. Degrees Fahrenheit F is given by the formula F' = % C + 32where C

represents degrees Celsius. What is the Fahrenheit equivalent to 35° Celsius?

23. The length of a rectangle is 5 inches less than its width. If the perimeter is 134
inches, find the length and width of the rectangle.

24. Melanie invested 4,500 in two separate accounts. She invested part in a CD that
earned 3.2% simple interest and the rest in a savings account that earned 2.8%
simple interest. If the total simple interest for one year was $138.80, how much
did she invest in each account?

25. A rental car costs $45.00 per day plus $0.48 per mile driven. If the total cost of a
one-day rental is to be at most $105, how many miles can be driven?
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ANSWERS

1. 38
3. —144/15
5. 64/ 2 centimeters
a3

8h°

9. —2x2 +x+7

1. 2748 — b3
13.

W| oo

89]?

~®

S—4-3,2-10 1 2 3 4 5 6

3

23. Length: 31 inches; width: 36 inches

25. The car can be driven at most 125 miles.
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2.1 Relations, Graphs, and Functions

. A system with two number
lines at right angles specifying
points in a plane using ordered
pairs (x, y).

. The horizontal number line
used as reference in a
rectangular coordinate system.

. The vertical number line used
as reference in a rectangular
coordinate system.

. The flat surface defined by x-
and y-axes.

. Pairs (x, y) that identify
position relative to the origin
on a rectangular coordinate
plane.

. The point where the x- and y-
axes cross, denoted by (0, 0).

. The four regions of a
rectangular coordinate plane
partly bounded by the x- and y-
axes and numbered using the
Roman numerals I, II, III, and
Iv.

LEARNING OBJECTIVES

1. State the domain and range of a relation.
2. Identify a function.
3. Use function notation.

Graphs, Relations, Domain, and Range

The rectangular coordinate system' consists of two real number lines that
intersect at a right angle. The horizontal number line is called the x-axis?, and the
vertical number line is called the y-axis’. These two number lines define a flat
surface called a plane®, and each point on this plane is associated with an ordered
pair’ of real numbers (x, y). The first number is called the x-coordinate, and the
second number is called the y-coordinate. The intersection of the two axes is known
as the origin®, which corresponds to the point (0, 0).

The x- and y-axes break the plane into four regions called quadrants’, named using
roman numerals I, II, I1I, and 1V, as pictured. The ordered pair (x, y) represents the
position of points relative to the origin. For example, the ordered pair (-4, 3)
represents the position 4 units to the left of the origin, and 3 units above in the
second quadrant.

Quadrant IT y - axis Quadrant I
(4,3) '
AT B . 51
| oo
! rigin
i 't/ (0.0
<« 1 | I 1 1 1 I I 1 1 x-aXiS
=5 -4 3 =2 -l 1 2 3 4
‘ Sk ‘
_2—
_3_
74_
75_
Quadrant 1T ' Quadrant [V
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8. Term used in honor of René
Descartes when referring to
the rectangular coordinate
system.

9. Any set of ordered pairs.

This system is often called the Cartesian coordinate system®, named after the
French mathematician René Descartes (1596-1650).

Figure 2.1

Rene Descartes Wikipedia

Next, we define a relation’ as any set of ordered pairs. In the context of algebra, the
relations of interest are sets of ordered pairs (x, y) in the rectangular coordinate
plane. Typically, the coordinates are related by a rule expressed using an algebraic
equation. For example, both the algebraic equationsy = Ixl — 2 andx = [y| + 1
define relationsips between x and y. Following are some integers that satisfy both
equations:
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y:’x‘—Z x=’y‘+1
X y X Yy
-3 1 4 -3
-2 0 3 -2
-1 | -1 2 -1
0|2 1 0
1 | -1 2 1
2 0 3 2
3 1 4 3

Here two relations consisting of seven ordered pair solutions are obtained:

y = Ixl =2 has solutions {(-3,1), (-2,0), (-1,-1), (0,-2), (1,-1), (2,0), C
and
x = |y|+ 1 hassolutions {(4,-3), 3,-2), (2,-1), (1,0), (2,1), (3,2), (4,3)}

We can visually display any relation of this type on a coordinate plane by plotting

the points.

y y

4 a}

3 3t o
2 2F [ ]

. I . it .
e 5 4 5 % o 3 3 4 5 6 N —— T 5 4 s 6

o-i} o -1f .

29 -2t o

-3 -3t .
4 4

The solution sets of each equation will form a relation consisting of infinitely many
ordered pairs. We can use the given ordered pair solutions to estimate all of the
other ordered pairs by drawing a line through the given points. Here we put an
arrow on the ends of our lines to indicate that this set of ordered pairs continues
without bounds.
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10. A visual representation of a
relation on a rectangular
coordinate plane.

11. The set consisting of all of the
first components of a relation.
For relations consisting of
points in the plane, the domain
is the set of all x-values.

12. The set consisting of all of the
second components of a
relation. For relations
consisting of points in the
plane, the range is the set of all
y-values.

13. Used when referencing the
range.

2.1 Relations, Graphs, and Functions

— U
— U

L N L s 1 1 1 N 1 Ly L N L s L 1
-6 =5 -4 -3 “INC1 12 3 4 5 6 -6 -5 -4 -3 -2 -1
Bl B
_ —2F

-3} -3}t

-4} -4}

The representation of a relation on a rectangular coordinate plane, as illustrated
above, is called a graph™. Any curve graphed on a rectangular coordinate plane
represents a set of ordered pairs and thus defines a relation.

The set consisting of all of the first components of a relation, in this case the x-
values, is called the domain''. And the set consisting of all second components of a
relation, in this case the y-values, is called the range' (or codomain®). Often, we
can determine the domain and range of a relation if we are given its graph.

s A "
(\I," 4: 4F
=" 3F 3t
S —
%0 2k 8. 2|
< 1f § I+
L 1 n L M L M i i 1 M i L L M- M 1
6 -5 -4 -3 NI T /7 3 4 5 6 -6 -5 -4 -3 -2 gzl 45 6 g
d Domain: (—o0,0) go-1p Domain: [l,oo)
h S -1
—3F -3k
Ll b
Here we can see that the graph of y = |x| — 2 has a domain consisting of all real

numbers, R = (—oo, oo) , and a range of all y-values greater than or equal to -2,
[—2, oo) . The domain of the graph of x = |y| + 1 consists of all x-values greater
than or equal to 1, [1 , oo) , and the range consists of all real numbers,

R = (—oo,oo).
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Example 1

Determine the domain and range of the following relation:

¥y

6
5]
= 4
2k
1+

-i2-10 -8 -6 -4 —2_ |
ok
sl
4k
sl
ok

2 .4 6 8 10 12

Solution:

The minimum x-value represented on t

he graph is -8 all others are larger.

Therefore, the domain consists of all x-values in the interval [—8, oo) . The

minimum y-value represented on the graph is 0; thus, the range is [O, oo) .

y

6
5
4

Range

Domain

-12-10 8 6 4 2|
ot
3t
“af
sk
,6.

Answer: Domain: [—8, 00) ; range: [0, 0

Functions

2 4 6 8 10 12

)

Of special interest are relations where every x-value corresponds to exactly one y-
value. A relation with this property is called a function*.

14. A relation where each element
in the domain corresponds to
exactly one element in the
range.

2.1 Relations, Graphs, and Functions
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Example 2

Determine the domain and range of the following relation and state whether it
is a function or not: {(-1, 4), (0, 7), (2, 3), (3, 3), (4, -2)}

Solution:

Here we separate the domain (x-values), and the range (y-values), and depict the
correspondence between the values with arrows.

Correspondence
-1
| 4
0 I ;
2
3 | I 3
4 I 2
Domain Range

The relation is a function because each x-value corresponds to exactly one y-
value.

Answer: The domain is {-1, 0, 2, 3, 4} and the range is {-2, 3, 4, 7}. The relation is
a function.
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Example 3

Determine the domain and range of the following relation and state whether it
is a function or not: {(-4, -3), (-2, 6), (0, 3), (3, 5), (3, 7)}

Solution:

Correspondence

-3

—4 I I p

0 3

s

7

Domain Range

The given relation is not a function because the x-value 3 corresponds to two y-
values. We can also recognize functions as relations where no x-values are

repeated.

Answer: The domain is {-4, -2, 0, 3} and the range is {-3, 3, 5, 6, 7}. This relation

is not a function.

Consider the relations consisting of the seven ordered pair solutionstoy = x| — 2
andx = |y| + 1. The correspondence between the domain and range of each can

be pictured as follows:

y=‘x‘—2

Correspondence

Function: Yes

2.1 Relations, Graphs, and Functions

x= ’ y| +1

Correspondence

(50

I [, 1

2 Ly

3 I 2

4 -

|~ 3

Domain l -3
Range

Function: No

288



Chapter 2 Graphing Functions and Inequalities

15. If any vertical line intersects
the graph more than once,
then the graph does not
represent a function.

Notice that every element in the domain of the solution setof y = x| — 2
corresponds to only one element in the range; it is a function. The solutions to

x = |y| + 1, on the other hand, have values in the domain that correspond to two
elements in the range. In particular, the x-value 4 corresponds to two y-values -3
and 3. Therefore, x = |y| + 1 does not define a function.

We can visually identify functions by their graphs using the vertical line test"’. If
any vertical line intersects the graph more than once, then the graph does not
represent a function.

Pass Fail
v y:|x|—2 y x:‘y|+1

S
- W
T T T T

-6 -5 -4 -3 -N_l 1/2 1 4 5 6 -6 -5 4 3 -2 -1
b b
- —-2F

-3k -3k

—4§ —4f

Function: Yes Function: No

The vertical line represents a value in the domain, and the number of intersections
with the graph represent the number of values to which it corresponds. As we can
see, any vertical line will intersect the graph of y = x| — 2 only once; therefore, it
is a function. A vertical line can cross the graph of x = |[y| + 1 more than once;
therefore, it is not a function. As pictured, the x-value 3 corresponds to more than
one y-value.
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2.1 Relations, Graphs, and Functions

Example 4

Given the graph, state the domain and range and determine whether or not it
represents a function:

6 -5 -4 3 -2

Solution:

From the graph we can see that the minimum x-value is -1 and the maximum x-
value is 5. Hence, the domain consists of all the real numbers in the set from
[—1, 5] . The maximum y-value is 3 and the minimum is -3; hence, the range

consists of y-values in the interval [—3, 3] .

Fail

it

-6 =5 -4 -3 -2 A

In addition, since we can find a vertical line that intersects the graph more than
once, we conclude that the graph is not a function. There are many x-values in
the domain that correspond to two y-values.

Answer: Domain: [—1, 5]; range: [—3, 3]; function: no
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16. The notation f (x) =y,
which reads “f of x is equal to
y.” Given a function, y and

f (x) canbe used
interchangeably.

Try this! Given the graph, determine the domain and range and state whether

or not it is a function:

15 20 25 30

Answer: Domain: (—oo, 15] ; range:R; function: no

(click to see video)

Function Notation

With the definition of a function comes special notation. If we consider each x-value
to be the input that produces exactly one output, then we can use function

notation’®:

f=y

The notation f(x) reads, “f of x” and should not be confused with multiplication.
Algebra frequently involves functions, and so the notation becomes useful when

performing common tasks. Here f is the function name, and f (x) denotes the value
in the range associated with the value x in the domain. Functions are often named

with different letters; some common names for functions are f, g, h, C, and R. We
have determined that the set of solutions to y = |x| — 2 is a function; therefore,

using function notation we can write:

2.1 Relations, Graphs, and Functions
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y=lxl -2
l
f)=Ixl -2

It is important to note that y and f (x) are used interchangeably. This notation is
used as follows:

f =|x[-2
| !
f(=5)=-5-2=5-2=3

Here the compact notation f(—5) = 3 indicates that where x = —5 (the input), the
function results in y = 3 (the output). In other words, replace the variable with the
value given inside the parentheses.

Input
\2
1(65)=|-s-2=3
T
Output
Functions are compactly defined by an algebraic equation, such as f (x) = Ixl — 2.

Given values for x in the domain, we can quickly calculate the corresponding values
in the range. As we have seen, functions are also expressed using graphs. In this
case, we interpret f(—5) = 3 as follows:

S0 =2
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Function notation streamlines the task of evaluating. For example, use the function
h defined by & (x) = % x — 3to evaluate for x-values in the set {-2, 0, 7}.

h(O):% (O)_3=0—3=—3
1 7 1

Given any function defined by / (x) =y, the value x is called the argument of the
function'’. The argument can be any algebraic expression. For example:

h(4a3)=% (40’) =3 =24’ -3
h(2x—1)=% (2x—1)—3=x—%—3=x—%

17. The value or algebraic
expression used as input when
using function notation.

2.1 Relations, Graphs, and Functions 293



Chapter 2 Graphing Functions and Inequalities

Example 5
Given g (x) = x?2,find g (=2), g (%), and g (x + h) .
Solution:

Recall that when evaluating, it is a best practice to begin by replacing the
variables with parentheses and then substitute the appropriate values. This
helps with the order of operations when simplifying expressions.

g(-2)=(-2 =4
1\ (1Y _1
\2)7\2) 71

g(x+h)=(x+h)’ =x* +2xh+ i

Answer: g (=2) =4,¢ (3) = 38 (x+h) =x* + 2h + I

At this point, it is important to note that, in general, f (x + h) FfXx)+f (h) .

The previous example, where g (x) = x?, illustrates this nicely.

g(x+h)#g()+g (h)
(x+ h)zaé x2 +1?
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Example 6

Givenf (x) = y/2x + 4, find f (=2),f (0),and f (5 & - 2) .

Solution:

f(D=2) +d=/-4+4=10=0
fO)=4/20)+4=+0+4=1/4=2

f<la2—2>=\/2<%a2—2>+4=\/—m=\/a_2= lal

2

Answer:f (=2) = 0,f (0) =2, f (3 @ = 2) = lal
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Example 7

Given the graph of g (x), find g (—8), g (0),and g (8) .

Solution:

Use the graph to find the corresponding y-values where x = -8, 0, and 8.

Answer: g (—8) = —-2,2(0) =0,2(8) =2

Sometimes the output is given and we are asked to find the input.

2.1 Relations, Graphs, and Functions 296



Chapter 2 Graphing Functions and Inequalities

Example 8
Given f (x) = 5x + 7, find x where f (x) = 27.
Solution:

In this example, the output is given and we are asked to find the input.
Substitute f (x) with 27 and solve.

fx)=5x+7
|
27=5x+7
20=>5x
4=x

Therefore, f (4) = 27. As a check, we can evaluate f (4) =5(4) + 7 = 27.

Answer: x = 4
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Example 9

Given the graph of g, find x where g (x) = 2.

-8 -7 =6 -5 —4 -3 -2 -1 1 2 3 4

Solution:

Here we are asked to find the x-value given a particular y-value. We begin with
2 on the y-axis and then read the corresponding x-value.

-8 -7 =6 =5 -4 3 -2 -1 12 3 4
B Lo : fe=qilbo - Lo

We can see that g (x) = 2 where x = —35; in other words, g (—5) = %

Answer: x = =5
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Try this! Given the graph of 4, find x where h (x) = —4.

Answer: x = —Sandx = 15

(click to see video)

KEY TAKEAWAYS

« Arelation is any set of ordered pairs. However, in this course, we will be
working with sets of ordered pairs (x, y) in the rectangular coordinate
system. The set of x-values defines the domain and the set of y-values
defines the range.

+ Special relations where every x-value (input) corresponds to exactly one
y-value (output) are called functions.

+ We can easily determine whether or not an equation represents a
function by performing the vertical line test on its graph. If any vertical
line intersects the graph more than once, then the graph does not
represent a function.

« If an algebraic equation defines a function, then we can use the notation

f (x) = y. The notation f (X) is read “f of x” and should not be
confused with multiplication. When working with functions, it is
important to remember that y and f (x) are used interchangeably.

+ If asked to find f (@), we substitute the argument @ in for the variable
and then simplify. The argument could be an algebraic expression.

« If asked to find X where f(X) = a, we set the function equal to @ and
then solve for x.
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TOPIC EXERCISES

PART A: RELATIONS AND FUNCTIONS

Determine the domain and range and state whether the relation is a
function or not.

1. {3,1),(5,2),(7,3),(9,4), (12, 4)}

2. {(2,0),(4,3), (6, 6), (8, 6), (10, 9)}

3. {(7,5), (8, 6), (10, 7), (10, 8), (15, 9)}

4. {(1,1),(2,1),(3,1),(4,1), (5, 1)}

5. {(5,0),(5,2),(5,4), (5,6), (5 8)}

6. {(-3,1), (-2, 2), (-1, 3), (0, 4), (0, 5)}

y
-
5k
4..
3F o]
& -2k
° e .
e _—
-5 -4 -3 =2 —I_I_ | 2 3 4 5
_.2-
_3..
_4-
_5-
7. 3
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—

=5

10.
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=5
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-~
L
Y
-

-5 -4 -3 -2 - 1 2 3 4 )

11.

12.

13. —4]

el |
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14. —4]

15.

16.
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_.3...

17. TR PP - —4f
. . . . C Y

-~

4-

3-

2-

I-

:l 1 L 1 1 1 L 1 L 1 1L 1 ;T
= =5 =4 =3 = =i 1 2 3 4 5 6
_|-

—2\
_3-
18. —4¥
JJ
r
6.
5.
4+
3-
2..
]-
:I ] L Il 1 1 1L 1 1 Il 1 Il 1 1 ' :_T‘
-10-9 -8 § -6 -5 -4 3:—2—]_I 1 2 3 4 5
_2.
_3.
_4-
_5-
_6\:

19.
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20.

21,

<

il L L L i 1 1

~10-9 -8 7 —6 -5 —4 -3 -2 —1_

22. 6§
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23%

24.

25%
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| i L i i

-8 -7-6-5-4-3-2-1
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}r

»

—_— b W = n O

P | L L 1 L L L 1

-8 -7-6-5-4-3-2-1

—

26. — 0,

278

=

-t T 1.1

L L L L

28. -8
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_2-
29. -3y
A
3.
l-

:l L L L L L L L 1 L L L L L AL L L l\;x

-9 -8 =7 -6 —=\—4 -3 - —1 | 3 45 6 7 8 9

_I.
_2-
30. —3

31.
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32.

33.

34.
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——

P | 'l i

L i L 'l '} -

=30 -25 -20 —15 —10 -5
-5

—10
=iz

—

5

10 15 20 25 30

-24-20-16-11 -8 £,

| i i i Il i i

—x

1 1 L 1 L [
”

8 JI12

16 20 24
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PART B: FUNCTION NOTATION

Evaluate.

35. g(x) = |x—5|findg (—5), g (0),and g (5).

36. g(x) = Ixl —5;findg (—5) ,8(0),and g (5) .

37. (%) = 12x = 3l;find g (1), (0),and g ().
38. g(x) =3 — 12xI;find g (—3), g (0),and g (3) .

39. f (x) = 2x — 3;find f (—=2),f (0),and f (x — 3).

10. f (x) = 5x — 1;findf (—=2),f (0),andf (x + 1).

4. g(x) = 2 x+ 1;find g (—3),8 (0),andf (9x +6).

42. g(x) = — 2 x — 1;findg (—4), £ (0),and g (6x — 2) .

g (x) = x?%;find g (—5),g <\/3>,andg (x— 5) .

43.

w

. g(x)=x2+l;findg(—l),g<\/€),andg(2x—1).
15, f (x) = x2 — x = 2;findf (0),f (2),andf (x + 2).

s6. f(x) = —=2x% +x — 4;findf (=2),f (% ), andf (x — 3)..
47. h(t) = =16/% + 32 findh (5 ), 1 (% ),andh (2a — 1).

1. h(1) = —161% + 32 find 1 (0), I (ﬁ),h(za +1).

19. f @) = \/x+ 1 = 2findf (=1),f (0),f (x — 1).

50. f(x) = \V/x =3 + Lifindf (12),f (3).f (x + 3).

51. g(x) = \/x + 8;find g (0), g (—8),and g (x — 8).

52. g(x) = \/3x — 1;findg (%).g(2) andg (+ @ + 1).
53. f (x) = x* + Lifindf (—1),f (0), f (&) .
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54, f (x) = x3 = 8findf (2),£ (0), f (&) .

Given the function find f (x + h) .
55. f(x) =3x—1
56. f(x) =—-5x+2
57. f(x) =x> +x+1
58. f(x) =202 —x—1
59. f(x) = x3
60. f(x) =2x3—1

Find x given the function.
61. f (x) = 2x — 3;find x where f (x) = 25.
. f(x) =7 — 3x;findx where f (x) = —27.
63. f(x) = 2x + 5;findxwheref (x) = 0
64. f(x) = —2x + 1;findxwheref (x) = 0

6

N

65. g (x) = 6x + 2;find x where g (x) = 5.
66. g (x) = 4x + 5;find x where g (x) = 2.

67. h(x) = %x = %;findxwhereh(x) = %
68. h(x) = %x+ %;findxwhereh(x) = %

69. The value of a new car in dollars is given by the function
V(t) = —1,800¢ + 22,000 where t represents the age of the car in years.
Use the function to determine the value of the car when it is 4 years old. What
was the value of the car new?

70. The monthly income in dollars of a commissioned car salesperson is given by
the function I(n) = 350n + 1,450 where n represents the number of cars
sold in the month. Use the function to determine the salesperson’s income if
he sells 3 cars this month. What is his income if he does not sell any cars in one
month?

Given the graph of the function f, find the function values.
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71 findf (0).f (2),andf (4).

v

| i i L

-8-7-6-5-4-3-2-1

—6¢

73. Findf (0),f (2),and f (4) .
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> X
74, Findf (=3),f (0), and f (3).

y
6F
5 -
4 b

> 1

75, Find f (—4), £ (0), andf (2) .
6}
5 s
4 b
<€ 3 >

2 b
I =

s 7654321, 12345678 "
._2 b
_3 L
—al
_5 L
_6117
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76. Findf (—6),/ (0),andf (6) .

| L 1 1 L L L 1

-8-7-6-5-4-3-2-1,]

78. Findf (0),f (5),andf (9).
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79.

80.

2.1 Relations, Graphs, and Functions

Findf (=8),f (0), and f (8) .

" 1 L L 1 L L

L

[

T —24-20 -6 -

| i i i Il i i

i

16 20 24

i i

[
»

—21-18-15

15

18 21
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Given the graph of a function g, find the x-values.
81. Findxwhere g (x) = 3,g(x) = 0,and g (x) = —2.
y

-~

(3 L PRI S ¥ - Y
T

a1 i i i i i i i

-8 -7-6-5-4-3-2-1

83. Find x where g (x) = —5,g(x) = 0,and g (x) = 10.
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-v‘r

—_— b W s n O

P | 1 L 1 [ L 'l 1

-8-7-6-5\4-3-2-1
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86. Findxwhere g (x) = 1,g(x) = 0,and g (x) = —3.

-~

T

_5.

88. Findxwhere g (x) = —5,g(x) = —4,and g (x) = 4.
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90.

2.1 Relations, Graphs, and Functions

_— b L B Un O~ GO

L L L L L L

=20 -15 -10of -5

Find x where g (x) = 2.
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91.
92.
93.

94.

95.

2.1 Relations, Graphs, and Functions

The value of a certain automobile in dollars depends on the number of years
since it was purchased in 1970 according to the following function:

Value
rs

12000 |
11000
10000
9000 F
8000 F
7000 F
6000
50009
4000 |
3000 F
2000 F
1000 F

Value in Dollars

0 5 10 15 20 25 30
Years since 1970
What was the value of the car when it was new in 19707
In what year was the value of the car at a minimum?

What was the value of the car in 2005?

In what years was the car valued at $4,0007

f(5) -3

35

40

Given the linear function defined by f (x) = 2x — 5, simplify the
following.
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9. f(0) =f (D
fEx+2)-f(2)
S+ =f0)

9

~

9

5]

c(x+h)—c(x)

101. Simplify givenc (x) = 3x + 1.

h

h)—
102. Simplify M givenp (x) = 7x — 3.
103. Simplify w given g (x) = mx + b.

h

PART C: DISCUSSION BOARD

105. Who is credited with the introduction of the notation y = f (x)? Provide a
brief summary of his life and accomplishments.

104. Simplify given g (x) = ax.

106. Explain to a beginning algebra student what the vertical line test is and why it
works.

107. Research and discuss the life and contributions of René Descartes.

108. Conduct an Internet search for the vertical line test, functions, and evaluating
functions. Share a link to a page that you think others may find useful.
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ANSWERS

1. Domain: {3, 5, 7, 9, 12}; range: {1, 2, 3, 4}; function: yes
3. Domain: {7, 8, 10, 15}; range: {5, 6, 7, 8, 9}; function: no
5. Domain: {5}; range: {0, 2, 4, 6, 8}; function: no
7. Domain: {-4, 